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ABSTRACT: The presence of prism in a lens-camera combination whether
arising from a filter having non-parallel surfaces or from small decentra
tions of the lens elements is evidenced by a displacement of the principal
point of autocollimation from the true princip;Ll point and the appearance
of asymmetric values of the distortion. A method is described whereby the
e.Dective prism angle and the displacement of the principal point can be
determined from analysis of the asymmetric values of the distortion for
the case of a camera properly aligned for calibration. Theoretical analysis
of the problem is given and the results are confirmed by experiment.

1. INTRODUCTION

T HE factors that affect the accuracy of
calibration of airplane mapping cam

eras are of special interest to photogram
metrists inasmuch as the accuracy of the
finished maps of an area is dependent upon
the accuracy of the equipment used in the
various steps intervening between the
initial photography and the final map.

In previous papers, the present author
has discussed sources of error in camera
calibration,1,2 effect of camera tipping,3 and
location of the point of symmetry.4 In the
present paper, a study is reported of the
manner in which the values of the distor
tion are made asymmetric by the presence
of a thin prism placed in front of the lens.
In addition, the principal point of auto
collimation5 is shifted from the principal
point6,7,8 in the presence of prism. The
present paper analyzes theoretically the
effect of a thin prism placed in front of an
ideal lens and demonstrates the correctness

of the theory by actual measurements.
Asymmetric distortion patterns of the

type that can be explained by prism-effect
have been found frequently during camera
calibrations in this laboratory.6,7 It was
mainly because of this that this Bureau
customarily locates the principal point
which is an invariant point during its
calibration. With the advance of knowl
edge, the centration of camera lenses has
been improved markedly and more atten
tion is given to the parallelism of filters
placed in front of the lens. 9 Consequently,
the magnitude of the prism has decreased
through the years and is now found to be
negligible for most precision cameras. I t is
probable that the location of the point of
autocollimation will replace the location
of the principal point in laboratory camera
calibrations. In the absence of prism-effect,
the point of autocollimation usually coin
cides with the point of symmetrylO which
is usually determined in field calibra
tions.u,12
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* This is the ~hird paper of a series dealing with problems that relate to the calibration of pre
cision airplane mapping cameras. The first paper was entitled "Sources of Error in Various Meth
ods of Airplane ~mera Calibration and was published in this JOURNAL, Vol. XXII, no. 4. The
second is in the March issue of this JOURNAL (Vol. XXIII, no. 1); the title is "A Simplified Method
of Locating the ijpint of Symmetry."

t This worki\vas sponsored in part by the U. S. Air Force. Approval for publication has been
given by the Edi.~6rial Committee of the Standards Bureau and the sponsoring agency.
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c

FIG. 1. Schematic drawing showing the image
shift produced by placing a thin prism in front
of an ideal lens.

When the thin prism of refractive index
n and prism-angle a is placed in front of the
lens, al1 rays are deviated in the direction
of the prism-base and intersect the focal
plane at points, X', 0 ' , and Y' . In the case
of an actual lens having prism-effect, the
distances 0'X' and 0' Y' are the only

(1)

x )t'

ox = OY =ftan(j

2.1 DETERMINATION OF THE EQUIVALENT

FOCAL LENGTH

For an ideal lens, the principal point
and the focal point (or center-cross) coin
cide. In practice, however, the center-cross
is shifted away from the principal point
either because of prism-effect in the lens or
nonparal1elism of the surfaces of the filter
on the front of the lens. This is il1ustrated
in Figure 1 which is a schematic drawing
of the displacement of the axial ray and
rays inclined at anglefJ with the axis before
and after placing a prism in front of an
ideal lens. In the figure, N is the rear nodal
point of an ideal lens L. Initial1y, the axial
ray from an infinitely distant object is
imaged at the principal point 0, conse
quently NO is equal to f the equivalent
focal length of the lens. The points of inter
section of rays inclined at angles of +fJ
and -fJ with the optical axis are designated
X and Y. As L is an ideal lens having no
distortion,

2. EFFECT OF PRISM ON CAMERA

CALIBRATION

When a lens-camera combination is
being calibrated under conditions such
that the focal plane is truly normal to the
line drawn to it from the central target, it
sometimes happens that the values of the
measured distortions are asymmetric. This
asymmetry has been found to be very
similar to that produced by a combination
of a wel1-centered lens and a thin prism. 7

This effect of a thin prism in the optical
path can be produced directly by a filter
having non-paral1el surfaces placed in
front of the lens, or indirectly by smal1
amounts of decentration of the lens ele
ments. The values of focal length and
distortion are affected in varying degrees
by the presence of prism-effect on the lens.
The effects have many similarities to those
produced by camera tipping.3 •4 However,
while the asymmetric values of distortion
can be compensated in part by a smal1
amount of camera tipping, they can be
compensated in ful1 only by another prism
of equal vertex angle and producing its
effect in the opposite direction. Perhaps
the most striking consequence is found in
the relation of prism-effect to the location
of the principal point. The term "principal
point" in photogrammetry refers to the
foot of a perpendicular dropped from the
interior perspective center to the plane of
the photograph. The same term in optics
is used to designate the intersection point
of either of the two principal planes with
the optical axis of the lens. In this optical
sense, the principal points are sometimes
referred to as the points of unit magnifica
tion or as two of the Gauss points. The
term, "principal point," therefore, means
very different things in photogrammetry
and in optics. Consequently, confusion
frequently results when work is being de
scribed which properly belongs to both
photogrammetry and optics. In this paper,
however, the term "principal point" is
used in its photogrammetric sense. I t must
be mentioned that a third meaning of the
principal point is sometimes found in
photogrammetric writings wherein the
center of col1imation of a camera is referred
to as the "indicated principal point."lo

In the succeeding sections, the effect of
prism upon the values of focal length and
distortion and upon the location of the
principal point is analyzed.
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(9)

DI = f[tan (fJ + E) - tan Eo - tan fJ] (11)

which can be written

f tan E(l + tan' (3)
D1 = - f tan Eo (12)

1-tanfJtane

For small values of E, this can been written

fE
D1 = -- 0 +Etan fJ) - fEo (13)

cos' fJ

The distortion, D 2 on the other side is:

9 is used when E> 10 minutes, the values
of I will be higher than the true value, the
error will run as high as +0.012 mm. for
E=30 minutes. In such cases, it is necessary
to determine E by the method shown in a
later portion of this paper and to use this
value in Equation 8. The value of I deter
mined with Equation 8 agrees with the
true value for values of E as high as 30
minutes.

I t must be mentioned that these equa
"tions are identical in form with those
found for use in determining the focal
length for a tipped camera. The chief
difference is that here E is a deviation pro
duced by prism-effect and will be shown
later to vary with {3, while in the tipping
equation E is the angle of tip and does not
vary with {3.

2.2 ASYMMETRIC DISTORTION PRODUCED BY

PRISM- EFFECT

When a camera has been properly
aligned but is equipped with a lens having
noticeable prism-effect, it is found that an
asymmetric distortion is produced. This
distortion affects the relative location of
images in the image plane even as does the
distortion inherent in the lens arising from
lens-aberrations. There is, however, one
pronounced difference in that it is asym
metric about the optical axis whereas dis
tortion arising from lens-aberrations is
symmetric. The asymmetric distortion
produced by prism resembles that pro
duced by camera-tipping which was de
scribed in earlier papers3.\ but is suffi
ciently different to warrant distinguishing
between the two types of asymmetric
distortion.

Referring to Figufe 1, the distortion, D I ,

on one side is:

(10)

(14D. = O'Y' - OY

DI = O'X' - ox
or

O'X'+O'Y'
f=----

2 tan (3

Thus, the equivalent focal length I can be
determined to a good degree of approxima
tion by using the measured values of 0'X',
0' Y', and the known value of {3. The value
of I, so determined, will be correct to the
nearest thousandths of a millimeter for
E~ 10 minutes for values of the focal
length of the order of 150 mm. If Equation

quantities directly measurable, and the
present discussion is devoted to showing
how the focal length I, the prism-angle a,
and the magnitude of 00' can be deduced
from these measurements.

These determinations are made possible
because the angular deviation of the rays
inclined at angle {3 to the axis is greater
than the deviation EO of the central ray.
By assuming that the ray passing through
the prism and meeting the focal plane at
0' is near the region of minimum deviation,
it can be shown that El can be regarded as
equal to E2, so for the balance of this dis
cussion El and E2 are replaced by E. Since E
is always greater than Eo, th~ measurable
quantities 0'X' and 0' Y' differ slightly in
magnitude, and it is this small difference
that permits the evaluation of I, a, and
00' the shift of the center-cross from the
principal point.

From Figure 1,

00' = f tan Eo (2)

O'X' = f[tan ((3 + E) - tan Eo] (3)

O'Y' = f[tan (fJ - E) + tan Eo] (4)

It is clear from Figure 1, that

O'X' + O'Y' = f[tan ((3 + E) + tan ((3 - E)] (5)

which may be written

2ftan (3
O'X' + O'Y' = ---------- (6)

cos' EO - tan' (3 tan' E)

O'X'+O'Y'
= cos'E(1-tan'ptan'E) (7)

2 tan (3

For small E, the term (1-E2) can be
substituted for cos E and Efor tan E; neg
lecting the term in E\ Equation 7 becomes

O'X'+O'Y'
f = [1 - E'(1 + tan' fJ)] (8)

2 tan fJ

For very small values of E, the term in E2

can be dropped and the expression becomes
simply

whence
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(17)

which has been found to be useful are also
included in the table.

TABLE 1

Values of EIEo for selected values of {3 for
n = 1.5 and n = 1.6. In addition, values of
m=E/Eo cos'{3 are given for both cases

to simplify the determination of the prism
angle Cl in the course of camera-calibration.
Table 1 shows the values of ~/~o for n = 1.5
for a series of value of {3; for comparison
purposes a set of values .of ~/~o for n = 1.6
is also included. In addition, values of the
quantity

(19)
~

1Il = --
~o cos2 {3

n=1.5 n=1.6

{3

I EO C~S2 {3 I EO C~S2 {3
<lEO <lEO

degrees
0 1.00000 1.00000 1.00000 1.00000
7.5 1.01442 1.03201 1.01404 1.03162

15 1.05924 1.13528 1.05772 1.13365
22.5 1.13973 1.33528 1.13594 1.33084
30 1.26599 1.68798 1.25833 1.67777
37.5 1.45601 2.31332 1.44179 2.29073
45 1.74166 3.48332 1.71629 3.43258

In analyzing the results of measurement
made on a camera where prism-effect of
unknown magnitude is present, the orien
tation of the effective prism and resultant
direction of the displacement of the central
image 0' from the true position of the
principal point 0 can be determined from
the sign of the values of distortion. The
principal point lies on the same side of the
central image 0 as those points showing

D2 = f[tan ({3 -~) + tan ~o - tan {3] (15)

which can for small values of ~ be written

-f~
D, = -- (1 - ~ tan (3) +f~o (16)

cos2 {3

For small values of ~, D 1 is approximately
equal to D 2 but opposite in sign. The effect
of prism-defect in the lens is, therefore,
an introduction of an asymmetric distor
tion whose magnitude is a function of {3
and ~. To evaluate D1 and D 2 , it is first
necessary to determine ~ and ~o. This can
be done when the prism-angle Cl is known
with the aid of the following relation

(
Vr.2 - sin2 {3 )

~='" -1
cos {3

or

where ~ is the deviation of the ray incident
at angle {3 on the surface of the prism of
index of refraction n and prism-angle Cl.

This is a sufficiently close approximation
for small angles of Cl when the deviation ~

takes place in the principal plane of the
prism. Similar expressions can be derived
for other planes in different azimuths. For
the case of {3 = 0, Equation 17 becomes

~ = ~o = (n - 1)", (18)

As indicated in Equation 17, ~ is also a
function of {3. The manner in which ~

varies with {3 is shown graphically in
Figure 2. These values of ~ were computed
with the aid of Equation 17. Because of
this large change in ~ with {3 the inter
pretation of asymmetric distortion in terms
of prism-effect is somewhat complex. It
has been found convenient to postulate a
value of the index n and to determine the
ratio of ~ to ~o for a series of values of (3

6.0r---'I---,-'--,,---.-----'Ir------.

l/l
Z 0
::! 4.01-
£:)
<l:
a::
...J
...J
~ 2.0
z

o
o

o o o o
o

o

o
-

-

I I I
-30· -IS· O· IS· 30·

ANGULAR SEPARATION FROM AXIS IN DEGREES

FIG. 2. Deviation E in the principal plane of a prism having a refractive index of 1.5 and
prism-angle of 20 minutes (0.0058 radians) as a function of incident angle {J.
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(21)

(20)

fEZ tan {3
D=--·

cos' {3

averaging the values measured at the two
corresponding opposite angular separations
from the axis along a single diameter.
This corresponds to the evaluation of

D1+D.
D=--·

2

In the present case, the contribution of
lens-aberrations to the distortion has been
assumed to be zero, so if D is not zero, the
departure therefrom is a consequence of
the prism effect alone. By using the values
of D 1 and D 2 from Equations 13 and 16, it
is clear that

I t is worthy of note that the above ex
pression for residual symmetric distortion
induced by prism-effect is identical in form
with the relation found in the case of
camera-tipping3•4• The difference is in E

alone which is a function of {3 for prism
effect and is invariant with respect to {3
in camera-tipping.

Values of D for a specific case are shown
in Table 2. The example shown is for a
prism-angle ex of a magnitude unlikely to
be found for an actual lens. However, even
in this case, the value of D is practically
negligible, even though D 1 and D 2 are very
large. It is also of interest to note that the
sign of the residual distortion D is negative
in the case of prism-effect whereas it is
positive in the case of camera-tipping.

For the case of an actual lens having
measurable inherent symmetric distortion,
it may be inferred that the value of the
distortion at a given angle {3 is given rea
~nnably closely by Equation 20 provided
that ex is less than 30 minutes. If one is
dealing with a distortion-free lens, an ef
fective prism-angle of 30 minutes may
produce an error of +- 0.003 mm. in the
values of distortion referred to the cali
brated focal length. I t is also likely that
small additional errors may raise in aver
aging for those val ues of {3 where the dis
tortion characteristics are changing rap
idly with {3. Even in such instances, the
errors in distortion will usually be small
compared with the total distortion. If ne
cessary, however, approximate corrections
can be made if the characteristic distortion
curve for the particular type lens is known.

maximum negative distortion. In some
cases when symmetric distortion arising
from lens aberrations is present, it may be
necessary to graph the observed values of
distortion. Inspection of such a graph will
readily show which branch is the lower and
which is higher because the asymmetric
contribution arising from prism-effect is
added to the symmetric distortion inherent
in the lens. In such instances, the principal
point lies on the side of the central image
indicated by the lower branch of the curve.
To express it another way, the central im
age is displaced from the principal point
toward the region of those points showing
maximum positive distortion or lying on
the upper branch of the curve.

To illustrate the manner in which the
presence of prism affects the values of dis
tortion, computed values of D 1 and D 2 are
listed in Table 2 for a prism having an
angle ex = 20 minutes and index n = 1.5 for
an ideal lens having a focal length of 150
mm. I t is clear from the table that even
for this relatively large prism-angle, the
values of D 1 are nearly equal to D 2 but
opposite in sign. It is also noteworthy that
the values of D 1 and D 2 are large and would
be still very appreciable for a prism-angle
as low as 2 minutes.

a) Evaluation of the distortion
The values of the distortion assigned to

a camera-lens combination where prism
effect is present can still be obtained by

TABLE 2

Asymmetric distortion, D1 and D 2, induced in
the image-plane of a camera, equipped with a
lens having an equivalent focal length of 150
mm. and having a prism-effect equivalent to
that produced by a prism of index 1.5 and angle
a = 20 minutes. The shift of the central image
from the principal point isjEo=0.436 mm.

Distortion

{3 D,-D, D,+D,D1 D 2
2 2

degrees mm. mm. mm. mm.
0 0.000 0.000 0.000 0.000
7.5 - .014 .014 .014 .000

15 - .059 .059 .059 .000
22.5 - .147 .146 .146 - .001
30 - .302 .299 .300 - .001
37.5 - .586 .581 .583 - .002
45 -1.088 1.080 1.084 -.004



EFFECT OF PRISM ON LOCATION OF PRINCIPAL POINT 525

and

D, - D2 = 2f~ _ 2f(0 (32)
2 cos2 fJ

The term ~/COS2 ,8 may be replaced by m~o

from Equation 19, and the above expres
sion becomes

O'X' - 0'1" = 2f~o[m - 1] (29)

The values of 0'X' and 0' Y' are known
from the measurements, a sufficiently close
approximation of f is known from Equa
tion 9, and the proper value of m can be
taken from Table 1. Accordingly

Actually one is usually more interested in
the value of f~o, which is the separation of
the central image from the principal point
and can be obtained from Equation 29
without the necessity of determining ~o

anda.
b) Evaluation of a from the asymmetric

distortion
If the values of the asymmetric distor

tion, D1 and D 2, have been determined, it
is a simple matter to obtain the value of
f~o and the prism-angle a. From Equations
13 and 16,

f~ f~tanfJ
D, = --+-- - f~o (13)

cos2 fJ cos2 fJ
f~ f~ tanfJ

D2 = - -- +-- - f~o (16)
cos2 fJ cos2 fJ

(31)

(30)

(18)

ex = 2~o.

~o

~=--.

n-l

O'X'- 0'1"
~o=---

2f(m - 1)

For n assumed to be 1.5, then

and

or

2.3 EVALUATION OF THE EFFECTIVE PRISM

ANGLE a

When a camera is tested under condi
tions such that the test-targets are sym
metrically located about the central target
and the focal plane is moreover perpen
dicular to the line joining the central target
and the front nodal point of the lens, it is
possible to evaluate the effective prism
angle a in a relatively simple manner.
There are two methods that can be used
leading to identical results. The first
method requires only the measured values
of the distances separating image of the
central target and the images of targets
+,8 and -,8 respectively, plus the meas
ured value of the focallengthj. The second
method uses the values of the asymmetric
distortion plus the value of f. Which of the
two methods used in a calibration is de
termined by which one appears more con
venient at the time.

a) Direct Method
The evaluation of the prism-angle a di

rectly from the measured values of 0'X',
0' y' and ,8 is called the direct method be
cause it can be done without the necessity
of determining the values of the distortion
D1 and D 2• By referring to Figure 1, it is
clear that

00' = f tan ~o (22)

O'X' = OX' - f tan ~o (23)

0'1" = 01" + f tan ~o (24)

On subtracting, Equation 24 from Equa
tion 23, and substituting the proper func
tions of f,,8, and ~, it is clear that

O'X' - 0'1"

= f[tan (fJ +~) - tan (fJ - ~) - 2 tan ~o] (25)

which may be written

O'X' - 0'1"

(26)

2.4 LOCATION OF THE PRINCIPAL POINT

When a camera has been properly
aligned for test and no prism-effect is pre
sent, the central image and the principal
point coincide. In such a case, the meas
ured values of the distortion are sym
metric about the central image. However,
if prism-effect is present, the measured
values of the distortion are asymmetric
and the central image is displaced from

= 2f[ tan ~ - tan~oJ
cos2fJ(l - tan2fJ tan2~)

For small ~, the above expression may be
simplified to

[
~ & tan2 fJ ]

O'X' - 0'1" = 2f --+--- - ~o (27)
cos2 fJ cos2 fJ

For small values of ~, the second term
within the brackets is negligibly small and
Equation 27 becomes

O'X' - 0'1" = 2f[-~- - ~oJ (28)
cos2 fJ

D, - D2 = 2f~o (m - 1)

which is identical to Equation 29.

(33)
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the principal point by an amountfEo as in
dicated in Figure 1.

Therefore, if the magnitude of fEo is cal
culated in accordance with methods 2.3a
or 2.3b, the distance separating the prin
cipal point and the central image is deter
mined. The direction of the displacement
is obtained from the rules given in section
2.2. The location of the central image with
respect to the collimation index-markers
of the camera can be measured directly
from the original test-negative and its co
ordinates obtained. Then, knowing the
location of the principal point with respect
to the central image and the location of the
central image with respect to the center of
collimation, it is a simple matter to deter
mine the location of the principal point
with respect to the center of collimation 7

3.0 EXPERIME TAL VERIFICATION FOR

A LENS AFFECTED WITH PRISM

To illustrate and verify the theory pre
sented in the preceding pages, an experi
ment was performed using a precision

camera having a prism of known angle
placed in front of the lens. The camera se
lected was one having negligible prism
effect and for which the principal point and
center of collimation had already been
brought into coincidence. The camera was
placed on the camera calibrator7 and so
aligned that its focal plane was normal to
the optical axis of the central collimator
and so that the images from the various
collimators would appear on the final
negative in the manner shown in Figure 3.
A thin prism having a dihedral angle, 0',

of approximately 12 minutes was placed
on the front of the lens in the position
normally occupied by the filter. The prism
was so oriented that its axis was parallel
to the plane of the collimators that are the
sources of the row of images marked I II
and IV in Figure 3. The maximum effect
should accordingly occur in the plane in
dicated by I and II.

I n making the first negative (designated
plate lA) the camera was so oriented in
azimuth that the collimation marker A lay

A

:<>-l--------------------~---------------------m-<)!

! tit) I
i !
I 0 <:; i
: ~. :, ,. ,
i 0 <>.; i
I ., I

i 0 A :
I ~'i <O'!
! 0 <$ ~

,) 0 ~ ~ t'
I O'\~ 0 ,
I ,
I I

I O~ 0 1
I ,
I I
I. ,

: O"'~ 0 :
I i
i O~ 0 i:... :
I !
! O~ 0 I
I :, ,, ,
] Dr l[ 1

io~:' ~ 0:
L... ~------------------------..J

B

FIG. 3. Sch.ematic drawing of test negative obtained on camera calibrator showing the position
of the collimation markers A, E, C, and D, and the images of the various collimator targets. The
four radial banks are indicated by the Roman numerals I, II, III and IV. This figure is to be con
sidered in connection with table 3 and Figure 4.
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midway between the radial rows of images
formed by the lens of the targets contained
in collimator banks II and IV. The base of
the prism was positioned to give maximum
effect in direction 11. For the second nega
tive (designated plate 2B), the camera
with prism still in place on the lens was
rotated 180 degrees in azimuth with all
other conditions remaining unchanged.
For this position, the maximum prism
effect should appear in direction 1. The lo
cation of all images on the two negatives
were measured with respect to the image of
the central collimator-target (central im
age or center-cross).

The magnitude of the prism-effect ex
pressed in terms of fEo, the shift of the
central image, may be determined by
either of the two methods described in sec
tions 2.3a and 2.3b. The method developed
in section 2.3b will be described first under
the heading of the "one-plate method."
The second method is based on the theory
developed in section 2.3a and is described
under the heading of the "two-plate
method."

3.1 ONE-PLATE METHOD

The one-plate method makes use of the
measured values of the asymmetric distor
tion. To obtain accurate results, the values
of {3 must be accurately known. In the pre
sent example, the measurements obtained
from plate 2B are used. The results of
measurement on the negative are listed in
Table 3 for each value of {3 under the head
ing r. The symbols at the top and bottom
of the column headed "ftan{3" indicate the
orientation of the rows of images with re
spect to the collimator banks and t.he
fiducial markers in the focal plane (see FIg
ures 3 and 4). The values of the equivalent
focal length were determined in the usual
manner and the value of f for each diam
eter appears at the top of the proper col
umn. By using the proper f for each set of
measurements, the valuesof f tan{3 are com
puted and the value of the distortion, D,
obtained from the relation

D = r - f tan {3 (34)

These values are shown under the head
ings "f tan {3" and "D." It is evident from

TABLE 3

Measured values of the distances separating images at angles {3 from the center-cross for Plate
2B. A prism (O! = 12 minutes) is mounted in front of lens with its base facing the corner between
A and D

1=131.532 mm. 1= 131.540 mm.
D A A C

fJ I D III D

r f tan fJ r f tan fJ

degrees mm. mm. mm. mm. mm. mm.

45 131.956 131.430 +0.526 131.571 131.674 -0.103
37.5 101.247 100.861 .386 101.097 101.029 .068
30 76.123 75.892 .231 76.085 76.012 .073
22.5 54.550 54.444 .106 54.564 54.529 .035
15 35.356 35.224 .032 35.288 35.280 .008
7.5 17.319 17.312 .007 17.330 17.334 - .004

0 0 0 0 0 0 0

7.5 17.297 17.304 - .007 17.331 17.327 +.004
15 35.203 35.225 - .022 35.273 35.265 .008
22.5 54.406 54.451 - .045 54.577 54.533 .004
30 75.799 75.891 - .091 76.104 76.040 .064
37.5 100.630 100.844 - .214 101.142 101.078 .064
45 130.763 131.422 -.659 131.630 131.758 - .128

I
II

I I
IV

B C D B
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TABLE 4

Determination of the shift of the center-cross with respect to the principal point from con
sideration of the asymmetric distortion values given in Table 3

Distortion I-II
(J 2

ffo
I II

degrees mm. mm. mm. mm.

45 +0.526 -0.659 +0.592 0.238
37.5 .386 - .214 .300 .228
30 .231 -.092 .162 .236
22.5 .106 - .045 .076 .238
15 .032 - .022 .027 .199
7.5 .007 - .007 .007 .221

Average (22.5° to 45°),jfO=0.235 mm., fo=0.001787 radians, fo=0.1024°=6.14 min.

Distortion III-IV
(J

2
ffo

III IV
-------

degrees mm. mm. mm. mm.

45 -0.103 -0.128 +0.012 0.005
37.5 .068 .064 .002 .002
30 .073 .064 .004 .006
22.5 .035 .044 -.004 - .012
15 .008 .008 .000 .000
7.5 -.004 .004 -.004 - .126

Average (22.5° to 45°).Jfo=.004 mm., fo=0.00003 radians, fo=O.0017° =0.10 min.

(35)

the measurements that the principal
effect has been obtained along the direc
tion I and II as planned. It may be noted
that Dr (hereafter designated I) and Du
(hereafter designa ted II), while opposite in
sign are of unequal magnitude. This dif
ference in magnitude is a consequence of
the large value of distortion inherent in
the lens itself.

Table 4 shows the values of the average
asymmetric distortion for each value of f3
under the headings (I-II)j2 and (III
IV)j2. The values of f~o are then computed
from the relation

(D, - D,)
f~o = -'c--'---_-:...

2(m - 1)

by using the values of m for n = 1.5 from
Table 1.

The direction of the displacement, f~o,

of the center-cross from the principal point
is given by the sign of f~o. I n the present
instance, if f~o is positive, the displacement
is along that radius where the targets in
collimator bank I are imaged. The sketch,
marked 2B in the upper part of Figure 4,

shows the coordinates of the displacement
of the center-cross as determined from the
asymmetric distortion. The lower part of
the figure shows the coordinates of the
center-cross directly measured with re
spect to the center of collimation. It is
clear that excellent agreement exists be
tween the two methods and that the
method of computing f~o from the asym
metric distortion is correct. It must be
added that too great reliance can not be
placed on values of f~o obtained for small
values of f3 because of the large effect pro
duced by a 0.001 nim. error in rat f3= 7.5
degrees and 15 degrees.

3.2 TWO-PLATE METHOD

When the prism-effect is small, as is us
ually the case, small errors arising from
small plate-curvatures and small inequali
ties in the absolute values of corresponding
angles +f3 and -f3 may cause variation in
the magnitude and sign of the effect as
determined by the one-plate method.
These uncertainties can be reduced by us
ing the two-plate method and the theory
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IA

FIG. 4. Displacement of the central image
from the principal point by a thin prism having
a wedge angle of approximately 12 minutes.
The upper sketches show the displacement com
puted from the distortion measurements. The
lower sketches show the actual displacement
measured on the negatives.

shown in section 2.3a in determining the
value of j(;o. In the two-plate method, two
negatives, plates 1A and 2B, are made
with the camera rotated 180 degrees in
azimuth between exposures.

Tables 5 and 6 show the measured
values of the distances, r, separating the
center-cross and the various images at
angles {3 from the center, obtained from
plates 1A and 2B. The tables also show the
manner in which these values are arranged
to facilitate computation. The two sets of
values are different and the differences for
one bank of collimators are designated V
and the differences for the opposite bank of
collimators are designated L.

The quantity V is essentially equivalent
to the quantity

O'X' - O'Y' = 2j(;0(1II - 1) (29)

and L is the negative of the same quantity.
Consequently, the average value is given
by

V-L
-2- = 2j(;0(m - 1) (36)

R s O.246mm

A
II lll:

O.158mm

0 O.l78mm C

1lI :r
8

R"O.238mm

I",
O.235mm '"

'"

,,
" ,

"II
R·O.235mm

A
m

O.l43mm

D--=O""".I9'""O,--m-m+---- C

II
8

R-O.238mm

TABLE 5

Determination of the shift of the center-cross from the principal point arising from prism-ef
fect by the two-plate method for collimator banks I and I I. (Camera rotated 180° between plate lA
and 2B)

fJ

degrees

45
37.5
30
22.5
15

7.5
o
7.5

15
22.5

30
37.5
45

lA
j=131.551

r

mm.

130.748
100.617

75.798
54.401
35.201

17.307
o

17.314
35.262
54.564

76.133
101.254
131. 951

I j= 1~~.532

r

mm.

131.956
101.247

76.123
54.550
35.256

17.319
o

17.297
35.203
54.406

75.799
100.630
130.763

v

mm.

-1.208
- .630
- .325
- .149
- .055

- .012
L

+.017
.059
.158

.334

.624
+1.188

L

mm.

1.188
.624
.334
.158
.059

.017

V-L
2

mm.

-1.198
- .627
- .330
- .154
- .057

- .14

mm.

.241

.239

.240

.241

.211

.221

II
D A

II
B C

Average (22.5-45°)
j'o=0.240 mm.
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TABLE 6

Determination of the shift of the center-cross from the principal point, arising from prism
effect, by the two-plate method for collimator banks III and IV. (Can1€'ra rotated 180° between
plates lA and 2B)

lA I 2B1=131.544 1= 151.540

I

U-L
(J B D C A U L

2 lEo
III III

r r

degrees mm. mm. mm. mm. mm. mm.

45 131.619 131.571 +.048 - .064 +0.056 .011
37.5 101.125 101.097 .028 - .038 .033 .012
30 76.096 76.085 .011 - .015 .013 .009
22.5 54.565 54.564 .001 - .006 .002 .003
15 35.289 35.288 .001 .007 - .003 - .011

7.5 17.331 17.330 .001 .000 .000
0 0 0 L
7.5 17.331 17.331 .000

15 35.280 35.273 .007
22.5 54.571 54.577 - .006

30 76.089 76.014 - .015
37.5 101.104 101.142 - .038
45 131.566 131.630 -.064

I
IV IV Average 30°-45°

C A B D lEo=O.Ol1 mm.

(37)

puted prior to determining f~o. The effect
is twice that for the one-plate method.
For these reasons, the two-plate method is
used for all determinations of the prism
effect at the ational Bureau of Standards.

An additional advantage of the two
plate method is that it provides a simple,
rapid means of determining whether or not
plate-curvature is seriously affecting the
accuracy of the prism-effect and distortion
determina tions. Considera tion of the quan
tity

leads to the conclusion that this quantity
should be zero if the two plates have iden
tical figures and occupy the same position
with respect to the lens, or should vary
directly with tan {3 if the two plates have
identical figures and are displaced by a
small amount along the normal. The exist
ence of values of (U+L) /2 tha t do not fall
in these categories indicate the presence of
differing plate-curvatures or waviness of
the test negatives. When the values of
(U+L)/2 are near zero, one can have
greater confidence in the reliability of the

and

U-L
f~o = .

4(m-l)

The values of m for each value of {3 are
given in Table 1. Values of (U - L) /2 and
the corresponding value of f~o are listed in
Tables 5 and 6. It may be noted that the
values of f~o are essentially identical for
both the one-plate and two-plate methods
in this instance. The direction of the dis
placement, f~o, of the center-cross from the
principal point is given by the sign of f~o in
the manner described in section 2.2. It
is also noteworthy that the magnitude of
~o computed from the value of f~o is essen
tially identical with that predicted from
the equation

~o = (n - l)a (18)

where n = 1.5 and a = 12 minutes.
There are several advantages of the

two-plate method. The first is that it is not
necessary to know the values of {3 with a
high degree of accuracy to get good values
of f~o because the same angles are used
with the prism-effect operative in opposite
directions. The distortion need not be com-

U+L
2

(38)
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TABLE 7
Evaluation of the symmetric component of distortion for a lens affected by prism from the

measured asymmetric values of distortion. The initial values of distortion and f-o are taken from
Tables 3 and 4

I
I

2 I I I 6 I 7{3 1 I 3 4 5

degrees Imm. mm. mm. mm. mm. mm. mm.

45 0.526 0.586 -0.060 -0.069 0.009 0.009 -0.078
37.5 .386 .310 .076 .085 - .009 .007 . .078
30 .231 .162 .069 .069 .000 .005 .064
22.5 .106 .079 .027 .030 - .003 .004 .026
15 .032 .032 .000 .005 - .005 .002 .003
7.5 .007 .008 - .001 .000 - .001 .001 - .001
0 .000 .000 .000 .000 .000
7.5 - .007 - .008 .001 .000 .001

15 - .022 - .032 .010 .005 .005
22.5 - .045 - .078 .033 .030 .003
30 - .092 - .161 .069 .069 .000
37.5 - .214 - .308 .094 .085 .009
45 - .659 - .581 - .078 - .069 - .009

1. Initial asymmetric values of distortion.

l( E. ) f_2 tan{3
2. ±f-o ---2-{3 -1 + 2 {3 (contribution from prism-effect, f_o=0.235 mm.).

fOCOS cos
3. Values of distortion after compensation for prism-effect.
4. Averaged values of distortion referred to the equivalent focal length (f=131.532 mm.).
5. Departure of compensated distortion from average (3-4).
6. t:.f tan {3 where t:.f+0.OO9 mm.
7. Values of distortion referred to the calibrated focal length (fc=131.541 mm.).

measured values of distortion and prism
effect. Use was made of this quantity
(U+L)/2 in deriving values of the prob
able error in distortion arising from pIa te
curvature that are shown in an earlier
paper (2).

3.3 EVALUATION OF THE DISTORTION

The values of the symmetric component
of the distortion can be obtained fairly
closely by the use of Equation 20. It is of
interest, however, to demonstrate that the
symmetric component can' be separated
from the asymmetric distortion by direct
calculation. This has been done for one of
the sets of distortion values contained in
Tables 3 and 4. The results are shown in
Table 7. Column 1 shows the initial values
of the distortion. Having evaluatedf~o, the
contribution from prism-effect is computed
with the aid of Equations 13 and 16 and is
listed in column 2. The symmetric com
ponent is given by the difference of the
values in columns 1 and 2 and is shown in
column 3. The slight asymmetry remain
ing is indicated in columns 4 and 5, and
finally the computation of the distortion
referred to the calibrated focal length is
shown in columns 6 and 7. The results are
also shown graphically in Figure 5.

The slight asymmetry that still exists
arises in part from the difference in distor
tion at the angles ,B+~ and ,B-~. An addi
tional correction can be made for this if
necessary using procedures similar to
those described in a previous paper.

4. DISCUSSION

When a camera under calibration is so
aligned that the focal plane of the camera
is normal to the line joining the front nodal
point of the lens and a distant object, the
central image of the distant object is
located at the principal point of autocol
limation of the camera. If asymmetric
values of distortion are found under the
foregoing conditions, it is evidence that
prism-effect is presen t and that the prin
cipal point does not coincide with the
principal point of autocollimation. More
over, the point of symmetry does not coin
cide with either of the other two points.
The displacement of the central image
from the principal point can be evaluated
from the distortion-values, and the per
formance characteristics such as focal
length and distortion can be determined
with sufficient accuracy in the usual man
ner. However, a true point of symmetry
cannot be located although, if the prism-
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6f-

I

I
-45° _30° _15° 0° 15° 30°

ANGULAR SEPARATION FROM AXIS IN DEGREES
45°

FIG. 5. Evaluation of the true values of the lens distortion from the asymmetric measured values.
The circles (curve 1) show the initial measured values of the asymmetric distortion. The X's
(curve 2) show the values of distortion contributed by a prism of angle a = 12.3 minutes (fED
=0.235). The crosses (curve 3) show the symmetrical distortion pattern remaining when curve 2
is subtracted from curve 1. (See Table 7.)

effect is small (JED :::;0.010 mm.), it is pos
sible to select a point of symmetry that
minimizes the asymmetric distortion to an
extent that is tolerable.
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