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ABSTRACT: This paper describes how high-speed electronic calculators
have made it possible to solve the problems of ground control point triangu
lation from photographic measurements by computational methods.
Electronic calculators make possible bridging from one stereo-model to the
next at the rate of from 1 to 6 minutes per model. This consists of calculat
i»e the corresponding ground positions of from 4 to 15 points per model.
Thus, it becomes probable that in the near future it will be more economical
to perform control extension analytically than instrumentally. Equally
important, as a by-product, is the opportunity this analytical method
provides to make independent studies of anyone of the sources of error in
a photogrammetric system. Thus, the effect of lens distortions, or of film
shrinkage can be studied. Serious doubt is cast upon the validity of the so
called "b" or "fall-off" curve and method of adjustment for it. Some of
the advantages and disadvantages of the analytical method are given.

INTRODUCTION
A EROTRIANGULATION isa process of using

.1""\.. measurements of images on aerial
photographs to determine the positions of
the corresponding points on the ground by
triangulation. Triangulation as defined in
surveying is the process of dividing space
into triangles in such a way that sufficient
quantities are measured so that other
elements of the triangles can be deter
mined. This always involves measuring
the length and direction of at least one
line.

Aerotriangulation has been performed
instrumentally for nearly a generation
using the various types of stereoscopic
plotting instruments. As with other mathe
matical problems, it should be noted that
generally it is possible to solve problems
graphically, instrumentally, and analyti
cally. This paper is restricted to a general
summary of analytical aerotriangulation.

Aerotriangulation is generally somewhat
more complicated than the traditional ter-

rest rial triangulation problems because it
is not convenient to measure the angles in
horizontal and vertical planes as is done
with a theodolite. Thus, it becomes neces
sary to consider the ground-survey points
and the camera exposure station as a sys
tem of rays in three dimensional space.
Because the mathematical relationships
of these rays are so complicated, it was not
practicable to obtain mathematical solu
tions until the advent of electronic calcu
lators.

Although it is not strictly aerotriangu
lation, the simplest analytical problem is
that concerned with the space orientation
and resection of a single photograph. The
most common aerotriangulation problem
is the orientation of a pair of photographs
to form a model. The next logical develop
ment of this is the addition of successive
photographs to the first model to form a
cantilever extension. A cantilever exten
sion is shown in Figure 1. For this case the
space resection and orientation of each
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successive exposure station is determined
and the positions of pass-points on the
ground as they occur in each successive
stereo model are computed. Bridging .con
sists of the photogrammetric extension
and adjustment of stereo models between
known points of control. Direct analogies
to structural engineering can be drawn
where each panel of a truss can be con
sidered to represent the photographic
pyramid at each new exposure s~ation.

Various types of bridges such as the slmple
span bridge, the cantilever, the propped
cantilever, the multiple-span bridge, and
continuous bridges are examples encoun
tered in aerotriangulation. The structural
problem is usually much simpler since it
is composed of members which have planes
of symmetry. This does not occur in aerial
photography.

METHODS OF CALCULATING

GEOCENTRIC COORDINATES

As soon as it is known that a strip of pho
tography of more than two or ~hree phot~

graphs in length is to be compiled analyti
cally, thought should be given to c?m
puting the positions of exposure statIOns
and ground control pass-points in their
true position on the spheroidal shape of
the earth. Instrumentally, allowance for
curvature on the earth's surface is made
by pre-computing and plotting the hori
zontal positions of ground points on a base
map which is some type of plane proje~

tion. For any analytical photogrammetnc

problem covering more than a few miles
where plane surveying methods are no
longer adequate, it is recommended that a
system of rectangular geocentric coordi
nates with origin at the center of the earth
be used (1).

ITERATION

Points, lines, planes, areas and volumes
are interrelated in such a complex geo
metric manner that it is usually not feasi
ble to solve for the desired quantities di
rectly. Consequently, the method of solu
tion known as the Newton's Method of
Approximation is usually employed. This
consists of assuming values as near to the
true position and orientation as possible,
and then using differential expressions
that give values which, when added to the
assumed positions, give improved quanti
ties. These new quantities in turn usually
fail to give the exact answers sought and
the 'process is repeated. It is; of course,
desirable that this process of iteration be
repeated a minimum number of times in
arriving at the desired answer. That is, for
speed of computation, it is necessary to

.have the solution converge rapidly.
The methods described below, for per

forming aerotriangulation, usually con
verge so as to give an improvement by a
factor of from five to fifty times per
iteration, depending to some extent upon

. how closely the estimated position ap
proximates the final position.

CHURCH METHOD

The method of computation devised by
Professor Earl Church (2, 3) is the simplest

FIG. 1
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method of computation where only a single
photograph is involved.

The Church Method requires an esti
mate of the three linear coordinates of the
exposure station. It then proceeds to solve
for the resection position of this exposure
station making use of three simultaneous
equations. It subsequently makes use of
three additional equations to determine
the space orientation of the photograph.

Cantilever extension which is one of the
methods of aerotriangulation-and a
method commonly used for instrumental
extension-depends upon assuming the
elevations of two forward pass-points and
the three coordinates in space of the for
ward exposure station. I t then requires the
solution of five simultaneous equations.
This is followed by the solution of four
equations to determine the X and Y posi
tions of the two pass-points and the new
estimates of their heights. The process is
iterated. Subsequently, an additional three
simultaneous equations are solved for the
orientation of the second exposure station.

The Church Method is probably the
best method to use for cantilever exten
sion when a minimum of control and a
minimum of pass-points are being em
ployed. However, for the more general
case, where six or more pass-points per
model are used, it is not recommended
because of the excessive number of equa
tions which must be solved to provide a
least-square solution.

BRITISH METHOD

The British Ordnance Survey under the
direction of Lt. Colonel E. H. Thompson
over a period of 25 years has developed
an analytical procedure for extending aerial
triangulation which is applicable to the spe
cial conditions of surveys in England (4).

This method of computation assumes
estimated quantities for three orientation
elements and for two linear quantities
necessary to solve the individual stereo
grams. Each stereogram corresponds to the
relative orientation obtained in instru
mental operations. The absolute orienta
tion of the first photograph in a strip must
be determined previously. The strip ad
justment of the stereogram, corresponding
to the scaling of a model, is then ac
complished. In effect, the method calls for
a solution of six equations by parts-five
simultaneously and one additional.

A very interesting and important special
case developed by the British Ordnance
Survey results in simple linear equations
which can be solved without resorting to
the solution of simultaneous equations.

HERGET METHOD

The Herget Method of computing aero
triangulation was developed primarily by
Dr. Paul Herget at Ohio State Uni
versity. (5).

This method is one of the best so far
devised for performing cantilever control
extension. I t makes extensive use of vec
tor notation which greatly simplifies the
expression of some of the space relations.

As with the other methods, it also makes
use of iterative methods of solution. The
solutions converge rapidly. The Herget
Method makes a simultaneous solution
for six equations which thereby provide
the six conditions of resection and orienta
tion of each successive photograph. It is
necessary to provide estimated quantities
for the six elements of resection and orien
tation for each photograph in turn in
order to proceed with computations.

This method is accurate and straight
forward for the case of cantilever control
extension. It is also suitable for computa
tion of the resection and orientation of a
single photograph though probably not
quite as simple as the Church Method.
It is particularly well adapted to computa
tions when redundant information is pro
vided; that is, when more than the mini
mum number of pass-points or ground
control points are being employed. Some
difficulty has been encountered in the
geometry of this method when the mini
mum number of pass-point,s has been em
ployed to perform cantilever extension.

SCHMID METHOD

Dr. Helmut Schmid has presented a gen
eral method for performing analytical aerOoo
triangulation (6). The method is also suit
able for extension by the cantilever
procedure.

The Schmid Method makes use of simul
taneous solutions for an entire strip of'
photographs. This entails a simultaneous
solution for a minimum of six equations per
photograph. Thus a solution of a strip of
ten photographs would require the solu
tion of a minimum of sixty simultaneous
equations. The Schmid Method is adapted
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to incorporate horizontal and vertical con
trol wherever it may occur in a strip of
photographs.

OTHER METHODS

Other methods of performing analytical
aerotriangulation should be mentioned.

The Anderson Method (7) although it
was developed for solution by semigraphic
methods can be computed analytically.
This method is not as well adapted to
computation using electronic calculators
because the computation of the elevation
of any new pass-point requires that the
continuous operation of the electronic
computer be stopped so a man can decide
upon a next estimate. Furthermore, the
solution of tilt determination for a photo
graph with medium or high tilt and large
relief differences converges very slowly or
may even fail to converge.

The Merritt Method (8) isa modification
of the Church Method. It makes use of a
special configuration of eight pass-points
per model. Computations are carried out
on a tangent plane which is selected tan
gent to a reference spheroid of the earth
at a point near the middle of a strip of
photographs.

At Cornell University a method is being
devised which will be adaptable equally to
cantilever extension, and to bridging for
both the cases of a simple span and a
multiple span. The method will make lise
of horizontal and/or vertical-control in
side the model area of a strip. I t will also
make use of horizontal, or of horizontal
and vertical-control outside of the model
area. Results on this development to date
are encouraging.

STUDY OF ERRORS

In bridging by the instrumental method,
when the forward extension fails to agree
with some known forward check points, the

operator decides upon some method of
adjustment for the intermediate control
points. Cubic, parabolic, or straigh t-line
correction curves are variously used with

. little more than an empirical basis for the
choice.

An important aspect of analytical aero
triangulation is that by computational
methods it is now possible to determine the
effect of any given systematic error on the
photogrammetric extension. The analyti
cal extension of a strip enables each indi
vidual error or any combination of errors
to be studied. These errors might arise from
such sources as earth curvature, lens dis
tortion, differential film shrinkage, cali
bration of focal length, calibration of
fiducial marks, or atmospheric refraction.
Instrumental or graphical extensions-in
addition to interposing erorrs of their own
-provide no means for determining the
effect of either individual errors or of
combinations of errors iQ a bridge. Cer
tainly, no study of errors in extensions can
be made instrumentally with anything
like the rapidity possible with the analyti
cal method on an electronic computer.

A study of errors encountered in aero
triangulation should be divided into two
types of errors; namely, systematic errors
which derive primarily from the operation
of instrumental equipment, and accidental
errors which are largely personal in nature
and a result of human observational pro
cedures.

Three specific examples of the effect of
systematic errors on cantilever control ex
tension will be shown (9). Figure 2 shows a
strip of photography for which sufficient
ground-control, horizontal and vertical,
exists to orient the first photograph
photograph no.2-and the first model.
Pass-points are located in columns and
rows numbered and lettered for conveni
ence.
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FIG. 2. Fictitious overlapping flight strip.
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FIG. 3. Normal distortion curve for 6", f:6.3 planigon lens.

CASE I-LENS DISTORTION

Figure 3 shows a normal distortion curve
for a six inch f6.3 planigon lens. It is as
sumed that the radial displacements indi
cated by this graph occur symmetrically
around the axis of the lens. The line for
Case I in Figure 4 shows the discrepancies
produced in the X, Y, and Z directions
respectively for cantilever extension due
to the effects of lens distortion in a plan i
gon lens. These are the errors which occur
when six pass-points per model are em
ployed in a rectangular distribution as
shown in Figure 2. The discrepancies for
each photograph are reported in Figure 4
as the average values of the three forward
pass-points in a row. This six-model exten
sion represents a length of approximately
30 mi.les. Reference to the figures shows
that the average error in position of pass
points established by the last model is
approximatEly 14 feet in the X direction,
2 feet in the Y direction, but 202 feet in
the Z direction.

It is interesting to note that for this
particular lens distortion, and distribu
tion of pass-points, the X and Y errors
are negligible-better than 1: 10,00~
while the errors in the Z direction are
intolerable for control purposes being
greater than 1: 1,000 and rapidly getting
worse. Furthermore, it is interesting to
note that the Z component of discrepan
cies in cantilever extension takes the form
of a parabola. This justifies the use of a
parabolic B z or fall-off curve for adjusting
instrumental cantilever extensions when
lens distortion has not been corrected.
However, if camera lens distortion has
theoretically been removed for that instru-

ment, by the use of aspheric diapositive
plates, or by cams, or by some other meth
od, the justification for use of parabolic
form of the Bz correction curve is no
longer apparent.

CASE II-FILM SHRINKAGE

Results were computed for the dis
crepancies which would be introduced in
a cantilever extension by one particular
systematic error. This assumed a uniform
film shrinkage of 0.04% in the x direction
-or approximately along the flight line
and 0.02% in the y direction. Here again,
the test is based upon a model with six
pass-points which have a reasonably rec
tangular configuration. The values of the
errors introduced by the film shrinkage
were computed from the percentage quan
tities, and x and y components of the errors
were applied to each photographic image
point with no error at the principal point
The resulting discrepancies in the X, Y,
and Z ground positions are plotted as the
line, Case II, in Figure 4. Again, average
displacements of three pass-points in each
row are plotted.

It is seen that the discrepancies intro
duced in a cantilever extension by a sys
tematic shrinkage of 0.04% in the x direc
tion and 0.02% in the y direction are
negligible using a rectangular pattern of
six pass-points per model. Certainly, the
discrepancies caused by these amounts of
film shrinkage are negligible as compared
to the errors introduced by a planigon
lens. Using a greater number of pass-points
would probably result in about the same
discrepancies. Indications are that better
results in an extension wiII be obtained if
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FIG. 4. Average displacement of three pass-points. Herget method-Six pass-point.

the film can be oriented so that the larger
per cent shrinkage is in the x direction
approximately in the direction of the
f1igh t Ii ne.

CASE III-DISPLACEMENT OF THE PRINCIPAL

POINT

Errors exist in the calibration of a
camera lens. These errors, such as calibra
tion of the focal-length, perpendicularity
of the focal-plane to the axis of the lens,
and others, introduce systematic errors. A
study has been made of the effect intro-

duced by a systematic error of the princi
pal point of the photograph being dis
placed with respect to the collimation
marks on the camera frame. Displace
ments were applied to each of the photo
graphic images in the amount 0.005 mm. in
the x direction and 0.008 mm. in the y
direction. In effect, this is the same as a
displacement of the principal point into
the first quadrant of the photographic co
ordinate system. Again by reference to
Figure 4 and the line labeled Case III, it is
seen that the discrepancies introduced in a



REVIEW OF ANALYTICAL AEROTRIANGULATION 579

cantilver extension by the above principal
point displacement are negligible.

ACCIDENTAL ERRORS

I t is also possible by the analytical
method to reproduce and study the effect of
the accidental or random errors encoun
tered in measuring coordinates of photo
graphic images, or encountered bya stereo
plotter operator in bridging. High-speed
computers make possible studying very
rapidly the errors resulting from an indi
vidual observer and from an observing
system of a given precision.

Figure 5 shows the resul ts of several
sets of fictitious photography which have
been computed by the cantilever method
with random errors introduced into the
photographic measurements. In each case
the maximum error of 0.150 mm. was
considered to be the maximum error of
misidentification or "circle of confusion"

which an observer might make in measur
ing image-points on a photograph, or in
using instrumental methods to perform
the extension of control. Using a maximum
error of 0.150 mm. a standard error of
0.050 mm. was applied to the correct photo
graphic images. Figure 5 shows the aver
age discrepancies of pass-points in the X,
Y, and Z directions for various extensions.
It also shows the resultant or absolute dis
placement of the average of pass-points
on each row. This absolute value is
...;X2+ Y2+Z2.

I t is worthy of notice here that the
results of the seven sets of cantilever ex
tension represen ted in Figure 5, which
comprise a total of 30 models, would be
computed using the IBM "650" drum
calculator in about five hours. Using the
UNIVAC the time required would be
approximately thirty-five minutes. Each
of these is considerably faster than the
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extensions could be performed instrumen
tally.

It is also of interest to note that al
though the cases shown in Figure 5 repre
sent computations as a result of using six
pass-points per model, the time required
for computing additional pass-points-up
to perhaps 15 points per model or 25 points
per photograph-would require only a
very few minutes longer. Experience
shows that, contrary to expectations,
there is no assurance that using a larger
number of pass-points will give better re
sults than using six pass-points per model.
Considering the time required for measur
ing the coordinates of the photo images, it
appears that a balance between economics
and increased accuracy will dictate that
a large number of pass-points not be used.

A study of Figure 5 shows that a whole
family of curves could be expected to show
the results of a cantilever extension. The
magnitudes of the discrepancies resulting
when photographic measurements are
subject to a standard error of 0.050 mm.
are intolerable for standard mapping pro
cedures. This, of course, is also the case for
cantilever extensions by instrumental
methods. It is apparent that in either case
some means must be devised for making
adjustments to the extension. There is
very little to suggest that this adjustment
should take the form of a parabolic or a
spline adjustment. Progress on incorporat
ing adjustments into analytical extension
or into bridging is being made by at least
three organizations in the United States
at present.

ADVANTAGES OF ANALYTICAL AERO

TRIANGULATION

The mathematical concepts of cantilever
extension are precisely stated and for
fictitious values give exact results. A com
puter which will carry eight or more places
in the computation is adequate. Using
eight places of figures, the round-off errors
from computations will be much less than
either the systematic or the random errors
of measuring for the input data, and the
results will be very much more accurate
than any instrumental or graphical method.
Theoretical results with a precision of
1: 100,000 or better are regularly achieved.

The ability-through electronic com
puters-to perform aerial triangulation
by analytical methods coupled with the
use of fictitious photography provide the

first real opportunity to determine the
effect of each individual error. Further
more, an analytical extension is free of
additional errors introduced by a mechan
ical or graphical solution. Hence, the
sources of errors which it is desired to
study are restricted solely to one type of
error or combination of errors under study.
It should further be pointed out that the
analytical studies not only determine the
effect of individual errors but also enable
corrections to be made to any extensions
performed by other methods.

The analytical aerotriangulation method
is convenient for making corrections for
earth curvature and convergence of merid
ians. The computation method can begin
conveniently with latitude, longitude, and
heigh t above sea level or any other survey
coordinate system. It then converts these
to a geocentric rectangular coordinate
system, and proceeds to calculate the posi
tion of the forward control-points. These
coordinates are then reconverted to lati
tude, longitude, and height above sea level
-the geographic coordinates usually de
sired for plotting.

The analytical method of extending con
trol is applicable to any photography so
long as approximately 50 per cent overlap
of the photographs is maintained, and at
least one pass-point can be identified in a
zone common to three conslCcutive photo
graphs. The analytical method is inde
pendent of any tilt, focal length, difference
in flight altitude, amount of relief in a
model, and any curvature in fligh t lines.
This means that crooked flight or combi
nations of partial flights with variable
flight heights can be compiled by the
analytical method. Thus the analytical
method does not impose the severe limita
tions on photographic flights that are im
posed by instrumental methods. This ad
vantage is especially important for mili
tary mapping or for route location map
ping. The analytical method is also useful
for extension when loop-shaped flights
have been photographed.

DISADVANTAGES OF ANALYTICAL

AEROTRIANGULATION

At present the principal disadvantage of
the analytical method is the time required
for measuring the photographic coordi
nates of image-points. There is a definite
need for the development of instruments
for measuring these coordinates. Some
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manufacturers are attempting to develop
such instruments.

Maximum advantage can be made of
the analytical method only when a com
plete program is developed which will in
corporate and adjust to any type of known
control conditions. Such control may oc
cur either on the ground or at the camera
exposure stations, and either in the form
of horizontal and/or of vertical-control
wherever they may occur in a strip or
in a block of photography. Such a com
plete and versatile program of adapting to
informa tion and adj usti ng to red undan t
control is being developed and tested.

As with any new tool, perhaps the
greatest disadvantage of analytical aero
triangulation is that it is not yet known
how to use it to best advantage. Adoption
of computational methods will entail
changes in operational procedures. This
will cause changes in requirements for
personnel and subsequent changes in per
sonnel classification. At present the econo
mies to be effected by use of computers is
unknown. The only way to obtain experi
ence as a basis for judgment is to actually
get experience in a pilot test.

FUTURE OF ANALYTICAL AERO

TRIANGULATION

There is little reason to believe, that
since the trend in our civilization is to
have machines substitute for manpower,
that the field of photogrammetry will be
any exception. It is definitely established
that electronic computers lift the burden
of routine and of elaborate computations.

The rapid development, acceptance, and
availability of high-speed electronic calcu
lators is an accomplished fact. This is
not to say unequivocally that what has
been described in this paper is the ultimate
answer, or even that it will be adopted
either immediately or within the next
five years. However, there is definitely
much to recommend analytical aerotriang
ulation for serious consideration by the
profession. I t is not too early for ad minis
trators in photogrammetric organizations
to begin planning how best to take ad
vantage of the combination of electronic
computers and analytical aerotriangula
tion. This will mean changes in equipment,
personnel, and procedures. However, it is
not something which any individual needs
to fear. Rather it is a challenge and an
opportunity to do a better job faster.

Analytical aerotriangulation provides a
means to segregate and study the effect
of any individual error or combination of
errors in the photogrammetric process.
This includes everything from the camera,
to plotting the map, including the effect
of position and density of ground-control.
Such a study can be performed extremely
rapidly-from 10 to 100 times as fast as
by present methods.

Analytical aerotriangulation can be
used on curved flights as well as straight.
Thus it provides a means right now to
make use of photography which could not
be used in instrumental extension or com
pilation. This ability is especially im
portant in a military situation where it
may be difficult to fly a straight level
flight. However, the commercial photo
grammetrist should not overlook the op
portunity to use a single curved flight
rather than a series of short straigh t over
lapping flights in mapping a crooked high
way location or the Snake River Canyon.

Analytical aerotriangulation has been
used both in the United States and abroad
to solve the problems of cantilever exten
sion. For determining the ground condi
tions of photogrammetric control, it has
proven especially interesting in establish
ing secondary control. The problems of
bridging other than by cantilevering, and
of incorporating and adjusting to any
control wherever and in whatever form it
may occur, are being solved now. This will
greatly lift the restrictions on placing of
ground-control points. It promises to per
mit a reduction of from 10 to 90 per cent
in the amount of ground-control required
to produce maps with the same accuracy
as is being produced by present instrumen
tal methods.

As automation progresses, it is probable
that analytical aerotriangulation will be
but one link in a mechanized chain of
electronic processes. In the meantime the
electronic calculator, coupled with analyti
cal aerotriangulation, will reduce the labor
of mapping and will produce results cheap
er and faster.
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Strato-Lab Balloon Photography *

EUGENE P. GRIFFIN,

U. S. Army Engineer Research and Development Laboratories,
Fort Belvoir, Virginia

ABSTRACT: A n account is presented in narrative form of the first-known
attempt to obtain and utilize mapping-photography taken from an alti
tude considerably in excess of the operational ceiling of present-day re
connaissance aircraft. A free-flight unmanned plastic baUoon was used
to carry a mapping camera aloft in a pressurized gondola to an altitude of
approximately 89,000 feet. The results of limited photogrammetric in
strument tests which were conducted using this photography are given
along with general observations on photographic Quality and the am1u-:,t
of detail obtainable.

As THE operational ceiling of modern air
craft is steadily increased, it becomes

increasingly important that investigations
be conducted on the feasibility of utilizing
very high-altitude photography in the
preparation of charts and topographic
maps. In the field of commercial mapping
the problems which may be encountered
in mapping from high altitudes are under
standably of little or no concern, certainly
at the present time. In this field the flight
altitude can readily be adj usted as dictated
by the precision of the methods and equip
ment employed to meet the particular map
accuracy requirements. This is not the
case, however, with the military. The situ
ation may arise in which mapping-photog
raphy, must, of necessity, be taken from
extremely high altitudes. Then, too, with
the advent of more precise plotting equip-

ment it is conceivable that in the not-too
distant future, mapping from extremely
high altitudes could become economically
feasible even from a commercial stand
point, especially for small-scale mapping.
Up to the present time no high-altitude
mapping-photography has been available
to test the feasibility of employing present
mapping methods and equipment in the
preparation of maps. As a result, estimates
of the capabilities of present mapping
equipment at altitudes of 50,000 feet, and
above, have been obtained for the most
part through extrapolation from data ob
tained at lower altitudes. Obviously, this
leaves much to be desired.

Data derived from theoretical studies
on the effects of atmospheric haze and
refraction upon high-altitude photographs
are invaluable, but this does not alleviate

* Presented at Society's 23rd Annual Meeting, Hotel Shoreham, Washington, D. C., March
6, 1957.


