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ABSTRACT: In this paper the analytical radial triangulation is founded
upon image coordinate measurements only. Simple formulae systems
are derived for the computations. Methods earlier derived by the author
fer the corrections of systematic errors are applied in order to obtain
image coordinates of highest possible precision. Since the errors of the
Jundamental measurements can be regarded as of mainly accidental
character, strict adjustment procedures, according to the method of the
least sauares, can be correctly applied to the treatment of discrepancies in
superfluous control poirts. The error propagation of the radial triangula-
tion can be further studied in a theoretically cérrect way. The accuracy
of the radial triangulation can be considerably increased in comparison

with the results which have been obtained up to now.

Under normal conditions only simple and common instruments
are needed for the necessary measurements.

Investigations based upon these principles are being performed at
the Division of Photogrammetry of the Institute of Technology in Stock-

holm.

THE FUNDAMENTAL FORMULAE

E ASSUME image coorcirates x’, y’

and x’/, ¥"" to be measured in the
two overlapping pictures in Figure 1. As a
preparatory action we assume only acci-
dental errors to be present in the measure-
ments. The origins of the coordinate sys-
tems are located in the principal points
and the x’- and x’’-axes are directed along
the base line.

The coordinates x, y of an intersected
point can be analytically determined from
the image coordinates and the base b in the
following way (Figure 1),

We have:

X =rcosa (1)

Yy = 7 sin a. (2)

But from the sine-theorem we have:

_ bsin B _ bsin B
"~ sin (¢ + B) B sinea cos B + cos a sin B )
T ee—— b a— \
- sin & cot B + cos &
From Figure 1 we find:
cosa = (4)
7

sine = = (5)
r
xl,
cotf=——- (6)

Substituting (4)—(6) into (3) and then (3)—
(5) into (1) and (2) we find after simple
rearrangements:

x = Vi (7
y’ - xlyil
A S )
1 - xlyll
or
b
:V = " 4 /7

From the simple expressions (7) and (8)
the image coordinates can easily be trans-
formed into the coordinates x and y, and
on a scale which is determined by the base
b. Obviously convenient calculation forms
can be made for the computations. The ex-
pressions also seem to be suited for elec-
tronic computers.

144




NEW METHOD FOR ANALYTICAL RADIAL TRIANGULATION

Since we have assumed the pictures to
be free from systematic errors, the condi-
tion y'=y"" will be fulfilled within the
range of the accidental errors from the co-
ordinate measurements. This condition
obviously means a good check of syste-
matic errors and also of the accidental er-
rors.

In the same manner as is demonstrated
above each pair of pictures can be treated.
From identical points in the overlapping
zone of the adjacent pairs of pictures, the
scale and azimuth obviously can be trans-
ferred from pair to pair by simple coordi-
nate transformation procedures, In this
way the entire strip can be transformed
into the same coordinate system. With the
aid of at least two control points on the
ground, the strip coordinates can then be
transformed into the ground system. If
superfluous control points are available,
an adjustment procedure can be applied.

For the theory of errors of the radial
triangulation procedure the differential
formulae of (7) and (8) are of fundamental
importance.

Fromdifferentiation of (7) and (8) we find
after some simple rearrangements and with

b’ is the difference x’—x’’ or the base

on the image scale
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S is the scale factor of the images
x’ and y’ are the image coordinates in
the Ieft picture.

dx=¥db— (17— 1) Sda! +—Sd %
+~x—,(—,— 1)de'
——(——I)de” ©)

dy=2,w

T — —de +

(10)
y x
= Sd '—(—— I)Sd p
+ Pl g 'y

As soon as the errors dx’, dy’, dx'’ and
dy’" of the image coordinates are known,
the influence upon the coordinates accord-
ing to (7) and (8) can be found from the
differential formulae (9) and (10). Radial
errors have no influence upon the coordi-
nates x and y. If all other known syste-
matic errors of the image coordinates are
corrected, the residual errors can be as-
sumed as of accidental character. The
propagation of such accidental errors to
the coordinates x and y can then be found
from (9) and (10), with the aid of the well-
known (special) law of error propagation
for such errors.
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It is, however, important to determine
the standard error of the image coordinates
with respect to the measurements in a
comparator or a coordinatograph, and
with respect to the condition that the two
images must be oriented along the same
base. We therefore will give our attention
to this special problem.

DETERMINATION OF THE STANDARD
ERRORS OF THE IMAGE
COORDINATES

We assume the image coordinates of all
points of the image including the principal
points are to be measured independently
in a coordinatograph. The coordinate
system of the coordinatograph is approxi-
mately identical with the image coordinate
system.

For completeness sake we distinguish
between the left and the right picture.

Left picture. The two coordinate sys-
tems are demonstrated in Figure 2. The
image points are measured in the coordi-

v

)"4]

F1G. 2. The two coordinate systems %, v
and %', y’. Left image.

nate system %, » and will be transformed
into the system x’y’ with the aid of the
point 1’(x’=0, y'=0) and the direction
through point 2’(x’=b’, ' =0). The trans-
formation consequently will be performed
by two translations and one rotation.

The transformation formulae are:

du = duy — vdk
dv = dvy + udk

(11a)
(11b)
dug and dv, are the translations and dk the

rotation.
Since the coordinate systems are ap-
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proximately identical we can use x’ and
v’ respectively instead of v and . Applied
to the points 1’ and 2’ the formulae (11a)
and (11b) become:

duy = dug

dn, = dvo

d%’g = dﬂo + b'dx
and consequently:

duy = duy (12)

dvy = du, (13)
—d

i P0G - = (14)

The corrections to the measured coordi-
nates # and v are obtained from (11) as:
du = — dug + vdk (15)
dv = — dvy — udk. 16)
The x’- and y’- coordinates are finally
found as:
x' = u — duy + vdk

dvy — dv,
= u — du -I—w(vzb—,h) a7
'=9 — dvo — udx
u(dvs — dvy) (18)
=7 — d‘L‘1 —_ —b—"

We assume all measurements of the u, v-
coordinates to have equal accuracy or
standard error u. Consequently we can
find the standard errors of x” and y’ in ap-
plying the special law of error propaga-
tion to (17) and (18). Using x’, y” instead
of u, v in the coefficients we obtain after
some rearrangements the standard errors:

My = %\/2(11'2 T (19)

my = %x/z(w T —va) (20

The standard errors of arbitrary image
coordinates x’y’ can now easily be deter-
mined.

The right picture. In exactly the same
way the standard errors of the image co-
ordinates x’’y’’ of the right picture can be
found (Figure 3).

The expressions are:

M = %mwz F (21)

myr = %vm (22)

The corresponding correlation-numbers
are:
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2y’ y

.yllw Qz’y’ =i bT + ? (23)
2x//y/l y/I

Qurryr = — e (24)

CORRECTION OF SYSTEMATIC ERRORS
oF THE IMAGE COORDINATES

The image coordinates are normally af-
1 2 fl flicted with different kinds of systematic
errors. First of all are normally small devi-
ations of the pictures from the vertical.
These deviations can, however, be de-
termined most accurately from simple
\ parallax observations, for instance with
U the mirror stereoscope and parallax bar.
A rather complete description of the pro-
F16. 3. The two coordinate systems %, vand ~ cedure has been given in [1]. After such a
x'’, v". Right image. determination of the angles ¢ and w for

<~

N
Aviogon ¢ liéssmm. h=5000m.
Vector diogram of residual image corrections.

> | meter on the ground (= 22,6 microns in the image)

Fic. 4. Example of a vector diagram of residual image corrections after adjustment of the
image coordinates in the five points which are indicated with small circles and after correction of the
determined radial distortion. Swedish test-field. Film camera. The grid method. In this case the
film shrinkage may have caused the major part of the residuals. From plate cameras or from re-
peated_photography with film cameras the systematic errors of the lens can be reliably determined.
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each picture—a kind of simplified aerial
triangulation procedure can also be used as
indicated in the mentioned paper—, the
image coordinates can be corrected with
respect to the inclination of the pictures.

Furthermore, there may be systematic
errors of the image coordinates due to
asymmetries of the lens system in the
camera. Such asymmetries (affinities, tan-
gential distortions etc.) can be determined
under real photography conditions as indi-
cated in [2].

From a vector diagram as reproduced in
[2], see Figure 4, the image coordinates
can be corrected.

After corrections as indicated above, the
image coordinates can be regarded to be
afflicted by mainly accidental errors. Ra-
dial distortion and similar radial errors are
harmless in this connection.

Consequently, when the accidental er-
rors are determined as standard errors of
the image coordinate measurements, (see
[3]), the error propagation of the radial
triangulation can be studied in a reliable
way by well-known methods.

Adjustment procedures according to the
method of the least squares can be applied
to the control-points discrepancies in a
theoretically more correct manner than up
to now. The accuracy following the ad-
justment can also be obtained from well-
known procedures. The differential formu-

NEws FrRoM AIR PHOTO SUPPLY CORP. ON
THE 35 MM BELL & HowELL
71Q SpiDER TURRET

This camera is used extensively for on-
the-spot coverage in newsreel, industry and
sporting events. It is so versatile and so
precision-built, for a lifetime of depend-
ability, that leading cinematographers
have gone ‘“‘on record” in favor of it.
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lae (9) and (10) are of fundamental im-
portance for these purposes.

INSTRUMENTS FOR THE MEASUREMENTS

Obviously, the necessary measurements
under normal conditions can be performed
by instruments as simple as mirrcr stereo-
scopes and parallax bars, in addition to a
good and stable single orthogonal compara-
tor (for instance a coordinatograph). The
systematic errors of the coordinate meas-
urement device can be determined from
the measurements of accurate grids. Then
the measured image coordinates can easily
be corrected for such systematic errors
simultaneously with the corrections for
other systematic errors as indicated above.

Of course a stereocomparator would be
the most suitable instrument.
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For $495.00 (used) the cameras are com-
pletely equipped. With 1”7 4.5 Bell &
Howell Eymax wide angle, 2” {2.8 Bell &
Howell Eymax and 6” f4.5 Bell & Howell
Eymax telephoto.

These cameras are in stock for immedi-
ate delivery, the supply is limited, so if you
are interested contact H. Clark immedi-
ately.



