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Lens Distortion for Close-Range
Photogrammetry

ABSTRAcr: A brief review of the formulas for radial and decentering lens distortion is pre
sented, with emphasis on the currently accepted representation of the decentering distortion.
Recent technological advances, which include the large format close range camera, CRC-1,
and the automated precision mono-comparator, AutoSet, caused the authors to reinvestigate
the analytical plumb-line method of lens calibration. With AutoSet, measurements of 1000
images of points on plumb-lines are performed in under one hour and RMS plate residuals
of one micrometre or less are produced. Brown's (1972) extension of Magill's formula for the
variation of radial distortion with focusing is experimentally reverified with data of much
higher precision than in previous investigations. The quality of the data allowed a more
sensitive examination of the formula for decentering distortion, which led to the finding that
decentering distortion also varies with focusing. A reinvestigation of the theory of decenter
ing distortion extends the 1966 formulation by Brown to account for the variation experi
mentally observed. It is shown that decentering coefficients P, and Po for the lens focused
at infinity need merely be appropriately rescaled in order to apply finite focusing. Implications
of this discovery for close-range photogrammetry are explored.
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in which $ is the angle between the positive x axis
and the radius vector to the image point and r is
the radial distance. The parameters of decentering
distortion are defined by the phase angle lbo' which
represents the angle between the x axis and the axis
of maximum tangential distortion, and by the pro
file function P(r), which is in the form

P(r) = /,r2 + /21'" + . (2)

where /,' /2 are the coefficients of the profile func
tion. In terms of x, y components (ilx, ily), Equa
tions 1 are equivalent to

ilx = [P,(r2+2x2)+2P2xy][1+P3r2+ ] (3)

t::.y = [P2(r2+2yZ)+2P,xy][1+P3rz + ]
in which the new parameters PI' Pz, P3 are related
to /,' /2' <Po by the expressions

P, - /, sin <p"
P2 /, cos <Po

INTRODUCTION-HISTORICAL REVIEW

T HE THEORY AND FORMULATIO of radial and de
centering lens distortions adopted for use by the

photogrammetric community in the last two dec
ades can be traced to papers by Brown (1966,1971,
1972). The first paper demonstrated the projective
equivalence of the then widely accepted thin prism
model for decentering distortion with the more rig
orous and apparently contradictory formulation of
Conrady (1919). In Conrady's model the radial com
ponent of decentering distortion is three times as
large as for the thin prism model. However, an ap
propriate tilt of the camera axis accompanied by a
shift in the principal point effectively compensates
for the deficiency of the thin prism model. Because
the accuracy of Conrady's model does not depend
on compensative alteration of projective parame
ters, it has displaced the thin prism model as the
generally accepted model for decentering distor
tion.

According to Conrady's model, the radial and
tangential components of decentering distortion, ilr
and ilt, of an image with coordinates x, y (referred
to the principal point as origin) may be represented
by the expressions
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Higher order terms U2' P~, ...) are rarely sig
nificant. As a result, Equations 3 reduce in practice
to linear functions of P, and P2 ·

As it stands, the above model for decentering dis
tortion applies for the lens focused at infinity. It will
be shown in due course that a simple modification
will extend its applicability to focusing at finite dis
tances.

In Brown (1971, 1972) it is shown that, for the
highest accuracies in close-range photogrammetry,
it is necessary to account for variation of radial lens
distortion within the photographic field. The radial
lens distortion profile for a lens focused at a distance
s is of the form

and the corrections 8x, 8y to the image coordinates
x, y for points in the focused plane are

xox - dr,
r

8y !L dr, (6)
r

The precise dependence of the coefficients K",
K

2
, , ... on s is developed in the above references,

as are further modifications appropriate for points
not lying within the plane of focus.

The analytical plumb-line method (Brown, 1971)
was developed as a rapid, practical way of com
puting lens distortion parameters at a range of mag
nifications from approximately 1:5 to 1:20. The
principle of this technique lies in the truism that
straight lines in object space should project through
a perfect lens as straight line images. Any variation
from straightness is attributed to radial or decen
tering distortion, and a least-squares adjustment is
performed to determine the distortion parameters
K" K2 , K~, P" and P2 ·

It should be appreciated that results of such a lens
calibration can be contaminated in practice by un
corrected systematic errors in the comparator, by
unflatness of the photographic surface, or by un
compensated deformations of film. Such sources of
error must be adequately controlled or corrected if
nonlinearity in measured images of plumb-lines is
to be fully attributed to the lens.

Calibrations of radial distortion performed in the
late 1960s typically had one-sigma values of about
2 micrometres, with root-mean-square (RMS) values
of plate residuals being of similar magnitude. This
level of precision was sufficient to illustrate the var
iation of radial distortion within the field of view
and to confirm the validity of the model accounting
for variation of radial distortion with camera focus
ing. The plumb-line calibrations also produced val
ues for P, and P2 that allowed I, and the tangential
distortion profile to be calculated. The I, r2 profile

had a standard error of about 2 micrometres at the
maximum observed radial distance of 75 mm. In
sufficient evidence could be obtained to draw firm
conclusions concerning the precise behavior of de
centering distortion with varying object distances.

ANALYTICAL PLUMB-LINE CALIBRATIONS IN
THE MID-1980s

Some 15 years after the initial plumb-line calibra
tions reported in Brown (1971), several advances in
technology induced the authors to reconsider the
plumb-line method as an alternative or supplement
to the (now) usual process of self-calibration for de
termining lens distortion. These technological im
provements include the following:

• The large format 23 by 23-cm microprocessor-con
trolled close-range camera CRC-1 developed by Geo
detic Services Inc. (Brown, 1984). This camera has a
vacuum platen flat to within 2 or 3 micrometres (and
calibrated to 0.25 fJ-m). It also incorporates a set of
25 back-projected reseau targets that allow rigorous
compensation for film deformation.

• Utilization in the CRC-1 of Kodak Technical Pan 2415
film, a very fine grain, black-and-white film provid
ing the superior image resolution and contrast re
quired for ultra precise applications.

• The development of AutoSet-1, also by Geodetic
Services Inc., a fully automatic, computer controlled
monocomparator with resolution of 0.1 fJ-m and RMS
repeatibility of 0.3 to 0.4 fJ-m. Systematic errors of
the scales are calibrated by means of a laser interfer
ometer to an accuracy of 0.2 fJ-m. Overall absolute
accuracy, as established by calibration against a 150
point grid certified by the National Bureau of Stan
dards, is 0.30 fJ-m (RMS). AutoSet has automatic line
following capabilities ideally suited to mensuration
of images of plumb-lines.

With the CRC-l, in combination with AutoSet, sys
tematic errors are suppressed to the extent that non
linearity of plumb-line images is almost entirely
attributable to distortion of the lens. Illustrations of
the CRC1 and AutoSet are provided in Figures 1
and 2, respectively.

With AutoSet the process of setting on images
does not involve the exercise of human skill. In
stead, this is accomplished automatically by means
of digital image processing of a video scan. As a
consequence, plumb-lines no longer need be very
fine threads (0.3- to O.4-mm diameter) in order to
generate images optimized for human setting. In
the tests described in this paper, lines of white
translucent monofilament nylon cord of 1.25-mm
(nominal) diameter were stretched reasonably ver
tically from ceiling to floor and maintained taut by
means of turnbuckles. Measurements at several in
tervals showed RMS variability of cord diameter of
0.010 mm. Although the lines generated in this
manner are not strictly plumb-lines, they shall be
referred to as such for convenience. This is permis
sible because, in the version of the plumb-line cal-
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FIG.1. Close-Range Camera CRC-1 with 120-mm lens cone.
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FIG.3. Plumb-line calibration range.

separate frames, the second with the camera rolled
nominally 900 about its axis. Had both exposures
been made on a common frame (as is more custom
ary), plumb-line images would have formed a nearly
orthogonal grid. In the present instance separate
frames were used because intersections of grid lines
could potentially interfere with the automatic line
following operation of AutoSet. Exposure was gen
erally two seconds at f/32. Photoprocessing was op
timized for maximum contrast.

The initial phase of the monocomparator readings
of the film consists of automatic searching and men
suration of the four fiducial and 25 reseau marks,
the calibrated values of which reside in the AutoSet
software. This operation takes less than 60 seconds
to complete. A television monitor displays the process
to the operator. False targets falling within the dig
itizing window of the monitor are usually automat
ically rejected by the image processing algorithm.
However, on those relatively rare occasions when
an unresolvable conflict exists, AutoSet simply pro
ceeds to the next point, relegating the questionable
point to a file for later recall and review by the op
erator. Such points can usually be salvaged by ma
nipulation of the window to exclude false targets.

After the above process of initialization, the op
erator switches AutoSet to the line following mode.
He then places the cursor on the beginning of a
plumb-line image and requests a data point every,
say, 4 mm. Thereupon, driving of the comparator
stages and setting proceed automatically along the
entire length of the line at a rate of one point per
second.

Thirteen well spaced plumb-lines per photograph
are usually followed in this manner, producing a
data set of about 1300 points per pair of "horizon
tal" and "vertical" line traces. Total data gathering
time of well under one hour is required for this
automated procedure. This compares most favora-

5, DIGITIZING TABLET

6. MONOCOMPARATOR

7. DEC POP· 11
COMPUTER SYSTEM
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FIG.2. AutoSet-1.

3

ibration exercised, only linearity (and not parallelism)
of the lines is assumed.

Twenty-five nominally vertical lines, each 3.0-m
long and 150-mm apart, were set up in a plane just
in front of a matte-black background. Lighting for
the lines was provided by fluorescent light tubes
placed around the periphery of the calibration range.
The lighting was most intense at the edges, coun
teracting the natural fall-off of light toward the edge
of the field of view of a lens, thereby producing an
image having a uniform light distribution. Figure 3
shows the set up of the calibration range.

For a given focal setting of the lens, two expo
sures of Kodak Technical Pan film were made on
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The plumb-line range described in the preceding
section was used to calibrate several camera/lens
combinations in early 1985. The results of one of
these calibrations is reproduced in Table 1 and il
lustrated in Figure 4. Particularly noteworthy in Ta
ble 1 are the low magnitudes of the RMS values of
the x, y residuals of the measured coordinates. These
are seen to range between 0.6 and 1.0 micrometres,
with the larger values corresponding to the larger
photographic scales. The explanation for this most
likely lies in slight physical irregularities in the pro
file of the nylon cord which at a scale of 1:10 may
amount to a sizable fraction of a micrometre.

To provide further verification of the exactness of
Magill's (1955) formula as extended by Brown (1972)
to account for the variation of radial distortion with
focusing, the following calculation was performed
and shown in Table 2. The observed values of radial
distortion for scales of 1:lO, 1:15, and 1:20 using a
240mm //9 Fujinon-AS lens in camera CRC-OlO are
listed to a radial distance of 120 mm. The values for
1:15 scale are then compared to a set of values de
rived from the use of the 1:10 and 1:20 radial dis
tortion coefficients using Equations 1 to 4 from Brown
(1972). The discrepancies between the predicted and
actually observed values are always less than 0.7
micrometres and the RMS value is 0.3 micrometres.
Such results are consistent with the one-sigma error
bounds of the distortion functions (these are under

RESULTS, RADIAL DISTORTION

bly with the five or so hours required for the 300
odd points manually observed with double settings
on a Mann comparator as reported in the papers
cited earlier (for example, Brown (1971), p. 862).

The diameter of the nylon monofilament was cho
sen to provide optimum images for the automatic
target centering software of AutoSet. At a photo
graphic scale of 1:10, a section of plumb-line ap
proximately 180 micrometres long and 125
micrometres wide on the image is scanned to find
the centroid. With an effective pixel size of 3.1 by
2.5 micrometres, about 3000 pixels are digitized.
When such a large pixel population is available, the
centroid of the target can be located to considerably
better than a tenth of a pixel.

As the repeatability of the AutoSet monocompar
ator stage is 0.4 micrometres, the data being input
to the distortion calculations is about five-fold more
precise than that obtained by human setting. In the
present investigation results are based on four times
more data points than previously. This combined
increase in precision and density of data serves to
define more clearly the behavior of decentering dis
tortion with varying object distance. It serves also
to provide further and more precise validation of
the model for variation of radial distortion with fo
cusing.

54



TABLE 2. VERIFICATION OF THE MODIFIED MAGILL (1955) FORMULA FOR THE VARIATION OF RADIAL DISTORTION WITH SCALE.
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After several camerallens calibrations had been
performed in 1985, the trend of decentering distor
tion varying with focusing was again observed, but
this time the standard error of the tangential profile
(f,r 2

) was well below one micrometre. Conse
quently, a body of results emerged of sufficient sen
sitivity to define the behavior of decentering
distortion with change in focus. This led to the de
velopment of the mathematical model presented be
low.

The phase angle of decentering distortion (<p,,)
should be invariant with focusing. The actual vari
ability found in Table 1 is higher than warranted by
the standard errors of the individual determina
tions. Why this should be is unknown at present,
but similar excessive variability of <p" has been found
to be the rule more than the exception (for example,
see Fritz and Schmid (1973)). However, no system
atic variation in <p" with focusing has been observed.

Radial Distance (mm)

'020
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-20

unity

-'0

Distortion
1:5

C"m) 1,10

.1, IS

-60 1: 20

1 :40

1,100

infinity

-80-

Camera: CRC-OlO 240-mm [/9 Fujinon-AS Lens.

Observed Radial Distortion Predicted 1:15 Difference
Radial Radial Distortion Observed-

Distance 1:10 1:15 1:20 Using 1:10 and 1:20 Predicted

(1) (2) (3) (4) (5) (3) - (5)
r mm or f.Lm or f.Lm or f.Lm or f.Lm f.Lm

20 -0.4 -0.4 -0.5 -0.4 0.0
40 -3.2 -3.4 -3.7 -3.5 +0.1
60 -10.5 -11.6 -12.5 -11.8 +0.2
80 -245 - 27.4 -29.5 -27.7 +0.3

100 -46.9 -53.3 -57.3 -53.5 +0.2
120 -78.9 -91.8 -98.1 - 91.1 -0.7

FIG.4. Gaussian radial distortion for varying photographic scales. Camera CRC-1 02, 240-mm fl9 Fujinon-AS lens. Values
at 1:10, 1:15, and 1:20 determined from plumb-line calibration; other values computed from 1:10 and 1:20.

RESULTS, DECENTERING DISTORTION

Brown (1966) produced the currently accepted form
of the model for decentering distortion (see Equa
tions 3 and 4) and used it over the following years
to compute profiles of decentering distortion for a
variety of cameras/lenses by means of stellar and
plUMb-line calibrations. Stellar calibrations ob
viously employed cameras focused at infinity, but
one of the plumb-line calibrations indicated the pos
sibility of decentering distortion varying with fo
cusing (see Table 2 and Figure 5 in Brown (1971)).
No firm conclusions could be drawn because of the
uncertainty of the results and the limited sample of
lenses.

one micro metre and so are not separately pre
sented).
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EXTENSION TO ACCOUNT FOR VARIATION OF
DECENTERING DISTORTION WITH OBJECT

DISTANCE

(11)
s - c s'

,,/.=---
" s' - c s

c
~x. (l -) [P, (1'2 + 2x2 ) + 2P2 xy]

S

c
~If. (1 - -) [Po (1'2 + 21/2

) + 2P,xy] (10)s - .

EXPERIMENTAL CONFIRMATION

Value I,f Predicted Values
Photo r = 100 l,r2 at r = 100 mm
Scale mm (Infinity Focus)
1:8 28.9 fl.m 32.5 fl.m
1:12 29.6 32.1
1:16 29.7 31.6
1:20 31.0 32.5

where s is, as above, the distance to the plane on
which the camera is focused and s' is the distance
to the plane of the point under consideration. To
generate the formula for decentering distortion for
a point at distance s' when the camera is focused at
s, one must merely multiply the right hand sides of
Equations 10 by the factor "I".

Mean Infinity Value = 32.2 fl.m
RMS = ±0.4

sions for the decentering distortion ~x., ~y, at an
image point x, y can be represented more generally
by

where s is the distance on which the lens is focused.
This result holds ~trictly only for points in the plane
at s. As with symmetric radial distortion, a further
modification is required to account for the variabil
ity within the photographic field. This is accom
plished through application of the scaling factor ,,/,,'
developed in Brown (1971) and defined as

TABLE 3. OBSERVED DECENTERING DISTORTION PROFILES

AT r = 100 MM FOR VARIOUS PHOTOGRAPHIC SCALES AND

CORRESPONDING PREDICTED VALUES FOR INFINITY Focus.

Camera: CRC-102 120-mm fl8 Nikkor-SW Lens

All the lenses tested in early 1985 were found to
have decentering distortion profiles U, 1'2) which in
crease slowly in magnitude as the camera is moved
further away from the plumb-lines, that is, {, 1'2 in
creased as ~c, (focusing) decreased. An example is
shown in Table 3 for a 120-mm fl8 Nikkor-SW lens,
measured at photographic scales of 1:8, 1:12, 1:16,
and 1:20, respectively. The measured decentering
profiles are shown in Figure 5.

The values of the decentering distortion profile
for focus at infinity for a radial distance of 100 mm
were predicted from each of these calibrations using
Equation 7. Ideally, all should produce the same

(7)

(9)

(8)
c2

s-c

c
(1 - -).

s
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The principal distance c. may be designated as c +
~c> where ~c, is the focusing increment which by
virtue of the thin lens formula is related to c and s
by

A reexamination of the history of the decentering
distortion showed that the thin prism model had
been accepted by the photogrammetric community
for 40 years (for example, Bennett (1927)) until Brown
(1966) proved it to be projectively equivalent to the
Conrady (1919) model. Explicit in the mathematical
development of the thin prism disl:>rtion model is
the principal distance 'c', which is used as a scaling
factor for the decentering distortion profile (see
Equation 3, Brown (1966), p. 446). Upon conversion
to the Conrady model (our Equations 3 and 4), there
is no symbolic portrayal of the principal distance,
yet it is implicit to the definition of {,.

The use of Equations 3 and 4 for the calculation
of the decentering distortion when the camera is not
focused at infinity is not in strict conformance with
the basic assumptions implicit in their derivation.

To clarify the situation, let the values of the de
centering distortion that correspond to infinity fo
cus (principal distance c) be designated as PI' P2 ,

and {, and let c, denote the principal distance corre
sponding to a focusing distance s. From the rigorous
derivation of the thin prism model and its projective
equivalence to the Conrady model, it follows that

c
This causes the expression - in Equation 7 to reduce

c,
to

Transposition of Equations 7 permits coefficients of
decentering distortion at infinity to be computed
from those corresponding to the focusing distance
s. The latter, of course, could be generated by means
of a plumb-line calibration.

If the values of decentering distortion at infinity
focus are to be chosen as the "standard" and des
ignated as PI' P2 , and {" it follows tha~ the expres-



FIG.5. Observed decentering distortion profiles. Scales from 1:8 to 1:20, Camera CRC-102, 120-mm lens.
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CONCLUSIONS

cameras, it is not uncommon for the types of lenses
used in close-range applications.

c .
The term 'I,,' (1 - -) IS, of course, a scalar quan-

s
tity. Consider the effect that this has on a bundle
adjustment with self-calibration where P, and P2

have been held invariant. If the same focal length
setting had been used for all camera stations, as
suming only one camera, then the P, and P2 values
returned from the self-calibration will be the best
approximation for the decentering distortion at that
focal length setting. The accuracy of the object co
ordinates will not have been degraded. If, on the
other hand, several focal length settings were used,
the results will be compromised because different
decentering distortion values should have been
computed for each focal length setting.

If the coefficient matrix for the decentering dis
tortion terms P, and P2 is modified by consideration

of the term '/.",' (1 - ~), the process of self-calibration
s

will provide values of P, and P2 corresponding to
infinity focus. This technique is recommended.

Another obvious implication concerns self-cali
bration over a finite range to produce parameters of
lens distortion. If these values are used in subse
quent applications without varying them according
to the focal setting used, the results will be com
promised.

Recent advances in technology have made the an
alytical plumb-line method a more powerful tool than
ever before for lens calibrations. The development
of the large format microprocessor-controlled CRC-

40 60 80

Radial Distance (mm)

20

10

20

30

50

40

Distortion
(um)

result. The mean value of 32.2 micrometres has a
standard error of only 0.4 micrometres. Similar val
ues, averaging 0.5 micrometres, were obtained from
other camera calibrations. This not only provides
good confirmation of the refined decentering model
set forth in this paper but also serves as an indicator
of the advances made by the combination of the
CRC-l and AutoSet.

PHOTOGRAMMETRIC IMPLICATIONS

The magnitude of the variation of decentering
distortion within the photographic field is clearly
dependent on the difference in the distances 5 and
s'. As an example, consider the extreme case of a
240-mm lens focused for an object distance of 1 metre
and an object in a plane 3 metres distant from the
camera. If the decentering distortion profile were 30
I-lm for the focused plane, then for the distant point
it would be 25 I-lm. More generally, however, the
magnitude of this variation is likely to be quite small,
often under 1 micrometre.

The fundamental correcting term 'I,,' (1 - ~) equals
5

unity at infinity focus, but for close range work can
become quite significant. For example, if the profile
of decentering distortion is 30 I-lm at a radial dis
tance of 100 mm and P, and P2 were calibrated at
infinity, then at a photographic scale of 1:10 a 3-l-lm
error will be made in the direction <Po of the maxi
mum tangential distortion and up to 9 I-lm in the
radial comporent of the decentering distortion in
the direction <Po + 90 o.

While 30 micrometres of decentering distortion
may seem large to users of aerial photogrammetric
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1 camera and the sub-micrometre precision of the
automated monocomparator AutoSet enabled de
terminations of the decentering distortion profile to
be made to an accuracy sufficient to uncover a
shortcoming in the conventional formulae.

Decentering distortion was found to be a function
of camera focusing. The generalized form of the
model is given by Equations 10, modified when ap
propriate by the factor "'{".

The new form of the model has been experimen
tally confirmed by a series of lens calibrations. Its
adoption into algorithms for self-calibration is,
therefore, recommended. The adoption of the infin
ity focus values as the "standard" for the terms P"
P2 , JI' and <P" is further recommended.
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