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Abstract 
Photogrammetric refraction computation methods for high 
oblique aerial photographs are derived from ~nel l ' s  law7or 
rays in a spherically stratified atmosphere. The methods, 
based on numerically integrating the refraction integrals, are 
applicable for zenith angles between 0 and 90 degrees. The 
atmospheric index of refraction is determined from atmos- 
pheric models of pressure and temperature. The models may 
be adjusted to reflect local pressure and temperature data 
when available. Standard aircraff pressurization procedures 
are used to evaluate the pressurized camera compartment re- 
fraction. Expressions are derived for the corrections to the 
image coordinates of photographs with arbitrary obliquity. 
The effects of dif frent atmospheric models, geographic loca- 
tion, time of year, and large zenith angles are illustrated in 
the form of numerical tables and graphs. The results are ap- 
plicable to determining the ground coordinates of points im- 
aged with high oblique aerial surveillance cameras. A 
byproduct of the theory is a unified treatment of atmospheric 
refraction for arbitrary zenith angles. 

Introduction 
The methods developed by Barrow (1960), Faulds and Brock 
(1964), Bertram (1966), Bertram (1969), Forrest and Derou- 
chie (1974). and Schut (1969) for computing photogrammet- 
ric refraction corrections become inadequate for zenith 
angles greater than 60". A general approach, based on the rig- 
orous refraction relationships for a ray in a spherically strati- 
fied model of the atmosphere permits computing the 
refraction for any zenith angle, including the case when the 
zenith angle equals 90" for some point on the ray. The result- 
ing refraction integrals are expressed as functions of the at- 
mospheric index of refraction. The index of refraction, as a 
function of altitude, is determined from averaged atmos- 
pheric models and local data if available. The atmospheric 
parameters are not incorporated directly in the refraction in- 
tegrals (as in Bertram (1969), Saastamoinen (1972a), and 
Schut (1969)) to permit flexibility in the selection of present 
and future models and data. The results obtained comple- 
ment those of Saastamoinen (1972a; 1972b; 1979) and reveal 
the regions of validity of various simplifying assumptions. 

The results are applicable to determining the ground co- 
ordinates of points imaged with high oblique aerial surveil- 
lance cameras as illustrated in Figure 1. The positions and 
attitudes of the cameras for such missions are generally ob- 
tained by external positioning and attitude sensors (such as 
GPS and rate gyroscopes, respectively) without utilizing 
ground control points. Under such circumstances, refraction 
errors are not compensated by the elements of exterior orien- 
tation or general models of systematic errors in a bundle ad- 
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justment (e.g., Ebner, 1976), and precise refraction correction 
computations are required. 

Spherically Stratified Model 
Definitions of the symbols used in following sections are 
summarized in Table 1. The spherically strati6ed model of 
the atmospheric index of refraction is illustrated in Figure 2. 
The basic relationships are most easily expressed in polar 
coordinates with origin at the center of the model sphere and 
0 measured counterclockwise as illustrated. Snell's law for a 
spherically stratified model may be expressed as (Smart, 
1977) 

nr sin C = ng0 sin L = ng,  sin fg = k = constant. (11 

Letting 0 = qr) ,  the equation of the ray path in polar coordi- 
nates is 

rde - - 1 
- tan f or d0 = - tan fdr. 

dr r 

Equation 2 follows from the differential relationships illus- 
trated in Figure 2 and may be found in elementary calculus 
textbooks. Integrating Equation 2 results in 

61. 

1 
$ d o =  o t ~ ~ = $ t a n i ; d r ,  (3) 

Q 

Another form of the refraction integral may be derived by 
differentiating Equation 1, i.e., 

dnr sin f + ndr sin l + nr cos fd l  = 0, 

solving for dr 

rdn 
dr = - - - r cotfdf, 

n 

substituting the result in Equation 2 

1 
do + d l  = -tan f - dn, 

n 

and integrating 

From triangle PpgO in Figure 3, 
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TPRlNTS OF FORE AND AFT lMGAES 

Figure 1, Oblique sidelooking fore and aft reconnaissance image acquisition. 

'& + R, = 0, + y, - R,. 

Substituting Equation 8 i n  Equation 7 results in 

Equations 3 and 9 are equivalent because given O,, R, + R, 
may be obtained using Equations 1 and 8 and vice versa. 
Equation 9 is the form of the integraI used to compute the 
astronomical refraction (Saastamoinen, 1979). In that case, 
the object may be assumed to be at infinity and R, = 0. If the 
object is at a h t e  distance, Rg # 0 and 0, must be deter- 
mined, explicitly or implicitly, i n  order to  determine R,. 

Evaluation of the Refraction Integral 
The refraction angle (Figure 3) at the camera may be deter- 
mined from 

tany, - tan R, 
tan(& - RJ = 

1 + tan lo tan R, 

- - r, sin 0, - - sin 0, 

r, - r, cos0, rJr, - cos8,' 
(10) 

Solving for tan R, results in  

Symbol Definition 

zenith angle of the refracted ray direction at the camera, 
at a point along ray, and at the ground point 

atmospheric index of refraction (IOR) at the camera and 
ground point 

IOR as function of altitude above sea level 
radius of a sphere approximating curvature of ellipsoid 
altitude of the camera, altitude of a point on ray path and 

elevation of a ground point, above sea level 
4 = re + h, 
r = r , + h  
q = re + h, 
angle subtended at a center of a sphere by a ground point 

and a point on ray path 
angle of refraction at the camera and a ground point 
temperature and pressure as functions of altitude above 

sea level 
partial vapor pressure 
pressurized camera compartment refraction 
camera compartment and ambient IOR 
camera field angle at the entrance to the camera window 

tan~((r,/r,) - cos0,) - sine, 
tan R, = 

t ang  sin0, + (rJr,) - cos0,' 

CAMERA 

Figure 2. Refracted ray path geometry for spher- 
ically stratified atmosphere. 
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The explicit integral for 8, is obtained by solving Equation 1 
for sin & substituting in tan 5, substituting the result in Equa- 
tion 3, and changing the variable of integration from r to h: 
i.e., 

where dr = d(r, + h) = dh. The value for n may be com- 
puted from (Bomford, 1971, p. 50): i.e., 

where T and p are expressed in degrees Kelvin (OK) and mil- 
libars, respectively. Pressure and temperature, as functions of 
h, may be obtained from atmospheric models modified by lo- 
cal observations, if available, as described below. The last 
term involving the partial vapor pressure in millibars, e, is 
negligible. 

If lJ' <goo for all points on the ray path, the integrand in 
Equation 12 is a smooth monotonically decreasing function 
of h, and relatively simple numerical integration methods 
may be used to evaluate the integral. For certain values of 5, 
near 90°, lg will equal 90" and the integral in Equation 12 
will be improper because the denominator of the integrand 
will equal zero at the lower limit of integration. For large 
camera zenith distances, 5 may equal 90" for some point, P,,, 
(see Figure 4) on the ray path. Under this condition, the inte- 
grand is not montonically decreasing, the variable of integra- 
tion is not monotonically increasing, and the elevations of 
two points on the ray path, P, and P; (see Figure 4) are 
equal. If Equation 12 is evaluated using h ,  and h, as the lim- 
its of integration, the result will be 0: (see Figure 4),  not 8,. 
The integral must be evaluated as the sum of two improper 
integrals: i.e., 

Figure 3. Computation of refraction an- 
gle. 

where I(h) is the integrand in Equation 12 and h,, is deter- 
mined by iteratively solving 

The existence of a P, point on the ray path may not be obvi- 
ous and an independent distance measurement may be re- 
quired to resolve the ambiguity of whether P, or PL (see Figure 
4)  is the correct point. The integration of the improper inte- 
grals is described below. 

Plane Stratified Atmosphere 
The methods in the previous section are derived from the 
rigorous refraction relationships for a spherically stratified at- 
mospheric IOR model and may be applied to images acquired 
at any altitude and for any zenith angle. A plane stratified 
model of the index of refraction is adequate for vertical pho- 
tography at aircraft altitudes and results in very simple for- 
mulas. The derivation may be expressed in cartesian coordi- 
nates using Snell's law (Figure 5) for a plane stratified model 

n sin lJ' = n, sin 4, = n, sin l8 (17) 

and the relationship between the derivative of the equation 
of the ray path and the zenith angle 

d x  - = tan 5. 
dh 

Solving Equation 17 for sin 5, substituting the result in Equa- 
tion 18, and factoring out cos l, results in 

d x  - = nc sin 5, 
dh  dn2 - nf sinZ & 

- - n, sin 5, - tan lc -- 
d n ~  - n: + ng cos2 I& .\/?Tu 

Figure 4. 90 degree zenith angle. 
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where 

Figure 5. Planar model of refraction. 

and third terms are negligible for vertical photographs in the 
range of validity of the plane stratified model, i.e., 0 < 5, < 

nZ - n: - (n - nJ(n + nJ 
U = - 60". The first term in Equation 24 may be easily evaluated by 

nz cos2 5, nf cosZ 6 the numerical techniques described below. 
Expressing the denominator of Equation 19 as a power series 
by the binomial theorem and integrating results in Numerical Integration of the Refraction Integrals 

hr The numerical integration of the refraction integrals consists 

r = t a n b r $ d h  
of dividing the interval of integration into subintervals and 
approximating the integrand in a subinterval by a function 

h8 that is easily integrated in terms of elementary functions. 
ho 

1 3  5 
Thus, the refraction integrals may be expressed as 

+ tan JC $ ( - ; U + ~ U ~ - ~ U ~  + . -)dh. (20) h,+, 

3 = 'X1 i=l $z(h)dh 
The first term may be approximated to the first order in R, as h, 

follows: where 
hr 

tan 5, dh = [h, - hJtan(Z, + RJ 
h" (21) 

+h, - h,)tanZ, + seeZ,(h, - hJR, = x + secL ZC(hc - h,)R,. 

Substituting Equation 21 into Equation 20 results in the fol- 
lowing explicit expression for the refraction at the camera: 

h, = h,, 
hi+l = hi + Ah, 
Ah = step sue, 
h" = h,, and 
ah) = the integrand in Equation 1 2  or Equation 24. 

If we transform the variable of integration in each interval by 

cosZ Z, tan 5, 3 5 1 j (: u - -kZu3 - . . jdh.  (22) h' = -(h - h,), 
R' - h. - h, h# Ah 

Equation 25 may be expressed as 
Because R, is small for zenith angles as large 6U0, we may 1 

assume that 8 = ~h 'T1 $~(h#)dh*. 
I = ,  

c0sZ z, 
-1 

c0sz y, 
and express Equation 22 as 

(23) Because ah) = I(h') is a smooth monotonically decreasing 
function, it may be approximated in the intervals [h,, hi+,] = 
[h;, hi,,] by a third degree polynomial: i.e., 

The first term in Equation 24 is essentially equivalent to Ber- 
tram's (1966; 1969) and Schut's (1969) results. The second 

The polynomial coefficients in each interval are defined by 
I(h;-,), Ah,!), I(h;+,), and ah:+,) where h;-, = -1, hi = 0, hi+, 
= 1, and h:+, = 2. The resulting coefficients are 

ai = Ah;) 
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The integrals in Equation 27 may be cxpressed in terms of 
the coefficients as 

By substituting Equation 29 into Equation 30, the integrals 
may be expressed as 

Substituting Equation 31 into Equation 27 results in 

where h, = h, - Ah and h,, , = h, + Ah. 
If i equals 90" at PC, at P,, or at a point on the ray path 

(Figure 41, the integrand in Equation 12 is singular. The inte- 
gral may be evaluated by dividing the intervals containing 
and adjacent to P,, into small subintervals: i.c., 
h 

I = , , - ,  
hi+ I 

kdh kdh 
= .r dn;? - p 2 - 2 ;-7 

h, 

where 

he-h, 
h;=hk+(i- I)-. 

m-1 

If we assume 11 is constant in each subinterval, the integrals 
may be cxpressed in terms of elementary functions: i.e., 

The difference in evaluating Equation 15 by Equation 32 or 
Equation 35 for lg <90° are negligible when usi~lg small 
enough subintervals. This provides numerical evidence for 
the validity of the numerical integration procedures and the 
application of Equation 35 for the case where i, = 90". 

-RAY PATH 

<, , COMPARTMENT 
IOR = n, 

h~o,jw::L', ,"::'.;;;:; ,,,,,,,, / , > "  ,, < , " , , , , c  

ATMOSPHERE: 
IOR = n, 

Sa 

Figure 6. Camera compartment refraction. 

The pressure difference between the compartment and 
the atmosphere may deform the window and result in some 
image distortion. A model of the effects of this distortion, as- 
suming the deformed window is a spherical surface, is devel- 
oped by Kushtin (1971a). Boundary layer effects are modeled 
by a thin prism by Andrade (1971) and a cylindrical surface 
by Kushtin (1971b). The effects of the boundary layer are ap- 
parently negligible at subsonic aircraft speeds or altitudes 
greater than 9,000 metres (Andrade, 1971). 

Image Coordinate Corrections 
In general, the corrections to the image coordinates for the 
effects of atmosphcric refraction are radial with respect to 
the image of the camera nadir and the corrections for R,, are 
radial with respect to the principal point (Figure 7). The na- 
dir image and principal point are often assumed coincident 
for ncar vertical photography, and the corrections to the im- 
age coordinates due to R, and R,, may be combined as sca- 

Pressurized Camera Compartment 1;s. In general, for a ph6tographof arbitrary orientation 
(Faulds and Brock, 19641, the corrections must be combined 

The refraction of a ray entering a pressurized camera cam- as vectors (Figure 7), 
partment is illustrated in Figure 6. If we assume that the n,, is computed by Equation 13 using the best available 
window is an flat, the normals to the window sur- data for the telllperature and pressure in the camera cornpart- 
faces are parallel and ment. The image coordinates corrected for R,, are 

n,sinll=n,sin(,=n,sin(~l-R,,)-..n,sini;-n,(cos~l)R,, (36) x,,, 

where the field angle, l,, is given by x,, = f tan([,+ R,,)--x,,+ ~ x ~ ? , + Y L  

v z x  l,.= tan-'- 
f .  

Solving for R,, results in 

(37) 
where is given by Equation 37. The coordinates of the na- 
dir image are 

Representative values of n,., and R,, for standard aircraft pres- 
surization procedures (Ebeling, 1968) are given in Table 7. 

C 
x,, = f - and 

F 
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PHOTOGRAPH 

IMAGE OF 
CAMERA 

GROUND POINT IMAGE (h, y.) 

COMPARTMENT 

CORRECTION FOR REFRACTION 

ATMOSPHERIC - CORRECTION 

REFRACTION (&a) 

GROUND POINT 

Figure 7. Correction to image coordinates. 

where C, C', and F are entries of the orientation matrix, M, 
of the photograph relative to the local vertical: i.e., 

A B C  

See Wong (1980) for an exposition of frame camera geome- 
try. 

The apparent zenith angle may be computed by 

Letting 

and 

we have by the law of sines 

where 

Solving Equation 44 for SR, (Figure 6) results in  

where R, is computed by Equations 11 and 12  for a spheri- 

cally stratified model or Equation 24 for a plane strataed 
model of the atmosphere. The integral in Equation 12  is eval- 
uated numerically by Equation 32. A first-order expression in 
R, for So is given by 

Simplifying and combining terms results in 

Sa-a(cot&-cot(P+ L)]R,. (491 

The corrected image coordinates may now be expressed as 

and 

where 60 may be evaluated by Equation 47 or Equation 49. 

Atmospheric Temperature and Pressure Models 
A variety of atmospheric data and models for estimating T 
and p are available in the form of tables, computer code, and 
formulas. These include 

U.S. Standard Atmosphere developed by the Committee on 
Extension of the Standard Atmosphere [COESA, 1967; 
COESA, 1976); 
Air Force Geophysics Laboratory (AFGL) tables and models 
(Champion et al., 1985; Cole and Kantor, 1978); and 
Marshall Space Flight Center [MSFC) computer programs and 
models (Johnson, 1990: Spiegler and Fowler, 1972). 

The U.S. Standard Atmosphere and AFGL data are based on 
piecewise linear models of the variation of temperature with 
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ATMOSPHERE 

30" JUL 

a 

0 0  
1900 230 0 270 0 310.0 1900 230.0 270 0 310 0 
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920.0 3 2 0 0  , 

175"N.j 
-. - .  

0.0 0 0  
190 0 230 0 270 0 3100 190.0 230.0 270.0 310.0 

TEMPERANRE rK)  TEMPERATURE CK) 

ngure 8. Temperature profiles: Standard and ExtensjgnS ta Standard Atmos- 
phere of 1966. 

geopotential altitude, H. Pressure is computed from tempera- 
ture profiles assuming the atmosphere is in hydrostatic equi- 
librium, is horizontally stratified, and the perfect gas law is 
applicable. The resulting formulas are (COESA, 1967, p. 12,  
Equation 33) 

G = unit geopotential = 9.80665 m2/ 
sec2; 

m = geometric altitude (metres); and 
m ' = geopotential altitude (metres). 

Thus, the tabular data in COESA (1967; 1976) may be com- 

where 

L b  = the temperature gradient between 
the breakpoints of the temperature 
profile, b = 1, 2, 3 ... ; 

n/i, = molecular weight of air 
= 28.9644 kilograms/kilomole (kg/k- 

mol); 
R* = universal gas constant 

= 8.31432X103 joules/OK/k-mol; 
Tb,pb,Hb = the temperature, pressure, and geo- 

potential altitude at the breakpoints 
of the temperature profile; 

T,,p, = temperature and pressure at sea 
level, H, = 0; 

g+ = acceleration of gravity [m/sec2) 
computed by 

= geographic latitudc; 
= geopotential altitude expressed in - - 

geopotential metres = 
r & g *  . 

(r4 + h)G' 
= geometric altitude; 
= see List (1958), p. 218, Equation 6; 
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(52) 
TABLE 2. ALTITUDE. PRESSURE. TEMPERATURE, AND IOR: STANDARD ATMOSPHERE 

Altitude Temperature Pressure IOR 
1531 (km) (XI (mb) (n-l)x106* 

- 

* index of refraction based on wavelength of light = 0.589 pm 



puted from the appropriate piecewise linear temperature pro- Numerical Results and Examples 
files (Figure 81, parameters, and constants. Additional details ~ ~ ~ ~ ~ i ~ ~ l  and examples based on the above theory 
on the derivation and basis for the above formulas and ex- ,, as follows: 
tensive references may be found in COESA (1967; 1976), 
Champion et al. (1985), and Cole and Kantor (1978). If local Representative values of n at 1-km intervals, based on the 

Standard Atmosphere 1976 (COESA, 1976). are given in Ta- observations and/or estimates of T and p are available, the ble 2; 
COESA (1967; 1976) temperature profiles (Figure 8)  may be Representative values of R,, based on (COESA, 1976) and a 
modified, and improved pressure and IUR profiles may be spherically stratified atmosphere, are given in Table 3 for 5, 
computed using Equation 52, Equation 53,  and Equation 13, = 45", 60°, and 75" and Table 4 for 5, = 80" and 85"; 
respectively. 

TABLE 4. PHOTOGRAMMETRIC REFRACTION (ARC SEC): 5, = 80°, 85' 

5, = 80' 5, = 85" 

h, (km) h, =O h, =2 h, =4 h, =6 11, =O h, =2 h, -4 h, =6 
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W JAN. WARM 
I I I 

0.0 10.0 20.0 

h, (km) 

iz 10.0- 

- , - - -.--- / .  . 

0.0 10.0 20.0 

b (km) 
Figure 9. Differences in computed refraction: 
Standard Atmosphere - Extensions to Standard At- 
mosphere (h,=O). 

Examples of R;ph - Rgla are given in Table 5, where 
R:ph and R:ln are values of the refraction based on spherical 
and planar stratified atmospheric models, respectively; 
Examples of dA, = R;* - R y  are illustrated in Figure 9 for 5, 
= 45" and 85" and h, = 0 where RFd and R y  are the values of 
the refraction based on the Standard Atmosphere 1976 
(COESA, 1976) and the Extensions to the Standard Atmos- 
phere (COESA, 1967), respectively; 
Values of J, and R, for J, = 90" and h, = 0, illustrating the 
generality of the theory outlined above, are given in Table 6; 
and 
The effect of camera compartment pressurization (Table 7) 
was based on the following: (a) compartment temperature 
maintained at 70°F = 21.1°C; (b) compartment pressure equal 
to ambient pressure for 0 I h, 5 3 krn; and (c) compartment 
pressure maintained at 3 km pressure altitude (701.2 mb) for 
3 < h , I  1 0 h .  

Summary 
Our conclusions and recommendations, based on the above 
theory and numerical results, are as follows: 

Refraction computations based on the standard atmosphere 
(COESA, 1976) and a planar stratification model are adequate 
for near vertical wide angle and super wide angle photogra- 
phy (5, <60°); 
If the camera compartment is pressurized, & should be 
computed (using the best estimate of compartment tempera- 
ture and pressure) and subtracted from the tabular or com- 
puted values of &; 
Refraction computations for oblique photographs, where 5, 
>60°, should be based on a spherical model of atmospheric 
stratification using the best temperature and pressure data 
available such as COESA (1967), Champion et al. (1985), Cole 
and Kantor (1978), or Johnson (1990); 
The atmospheric models, such as the COESA (1967) tempera- 
ture profiles illustrated in Figure 8, may modified by local 
observations of temperature and pressure and a corrected 
pressure profile computed using Equations 52 and 53; and 
Corrections to the image coordinates of oblique photographs 
should be based on Equations 50 and 51. 

TABLE 6. REFRACTION FOR l, = 90' 

Dist. Rc 
(km) (arc sec) 

Dist. 
(kml 

123. 
173. 
212. 
245. 
273. 
299. 
323. 
345. 
365. 
384. 
403. 
420. 
437. 
453. 
469. 
484. 
498. 
512. 
526. 
539. 
552. 
565. 
577. 
589. 

Rc 
(arc sec) 

- 
301. 
409. 
482. 
536. 
576. 
607. 
631. 
649. 
662. 
672. 
686. 
693. 
696. 
696. 
693. 
688. 
682. 
675. 
667. 
658. 
649. 
641. 
631. 
622. 

Dist. fir 
(km) [arc sec) 
- - 
- - 

122. 277. 
172. 376. 
211. 443. 
243. 491. 
271. 528. 
297. 556. 
321. 577. 
342. 594. 
363. 605. 
382. 621. 
401. 631. 
418. 635. 
435. 636. 
451. 634. 
466. 630. 
481. 625. 
495. 618. 
509. 611. 
523. 603. 
536. 595. 
549. 586. 
562. 578. 
574. 569. 

Dist. 
(kml 
- 

- 
- 

121. 
171. 
209. 
241. 
270. 
295. 
319. 
340. 
361. 
380. 
398. 
416. 
432. 
448. 
464. 
478. 
493. 
507. 
520. 
533. 
546. 
559. 

R c  

(arc sec) 

- 
- 
- 

254. 
345. 
406. 
450. 
483. 
508. 
527. 
542. 
560. 
571. 
577. 
580. 
579. 
576. 
571. 
565. 
559. 
552. 
544. 
537. 
528. 
521. 
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h" Rc R," R c  - R, 
(krn) (n,-1) x lo6 (n,-1) X lo6 (arc sec) (arc sec) (arc set) 
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