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The Sign Permutation in the Rotation Matrix
and the Formulation of the Collinearity and
Coplanarity Equations
Tian-Yuan Shih

Abstract
Two basic variations arise i n the formulation of the collinearity and coplanarity equations. These two variations are
generally referred to as the diapositive equation and the negative equation. The relationship between these two formulations and the rotation matrices is investigated in this study.
This study has revealed that the sign changes of principal
distance in both the collinearity and coplanarity equations
are coupled with the sign permutation of the elements in a
rotation matrix.
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Introduction
The collinearity condition states that the image point, the
projective center, and the corresponding object point lie on
the same line; meanwhile, the coplanarity condition describes a situation in which the object point and its corresponding image points on two overlapping photographs are
located on the same plane with the base vector. This base
vector joins the projective centers of these two photographs
(Masry, 1977).
Two basic variations arise in the formulation of the collinearity and coplanarity equations. These two variations are
generally referred to as the diapositive equations and the
negative equations. As illustrated in Figure 1, the negative
equations of the collinearity condition can be represented as
Equation 1: i.e.,
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and R is an orthogonal matrix.
Once again, Equation 3 is presented in the form of a diapositive equation. The signs of both c and c' are reversed in
the negative equation. The relationship between the elements
of the rotation matrix and the sign of the principal distance
can be observed from Equations 1, 2, and 3. This relationship is further analyzed following a discussion on the rotation matrix and the sign permutation of its elements.

The Rotation Matrix
Realizing the rotation in a three-dimensional space with a
cardan system, the three rotation elements are frequently
symbolized as w , 4, K (Kraus, 1993; Schut, 1959; Shih, 1990;
Thompson, 1969). Representing in matrix form, we obtain

y = c m , , ( x - X,) + m,,(Y - Y,)
m,,(X - X,1 + m,,(Y - Y,)
The diapositive equations have rather similar forms to the
negative equation, as shown in Equation 2: i.e.,
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The only difference is the reversed sign of the principal distance c.
The base vector (B,, By, B,) and the two corresponding
image vectors (U, V, W) and (U', V', W') form the coplanarity
condition
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changed from the original formulation. Notably, the signs
discussed here are the signs relative to the original formulation, not the signs of the current cosine or sine value.
Examining the structure of the rotation matrix listed in
Equation 4 , the sign change can be illustrated as follows:
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where the (+,-) at the r,, position represents that cos 4 retains the same sign and that cos K has a reversed sign. Therefore, the resulting r,, will have the same magnitude but with
reversed signs as compared with the original formulation.
The sign change for this case can be summarized as follows:
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This is equivalent to comparing the signs of the rotation matrix formulated with (w, 4, r + ~ ) and
,
the one formulated
with (w, 4, K ) for the R,,, formulation. A numerical example
is given below.
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Comparator Coordinate Axis
Figure 1.The image coordinate system.
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Applying matrix multiplication in the order (w-4-K) and ( 4 w-K), we obtain
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4

K

K

sin 4 cos w
-sin w
cos w cos 4

The above two rotation matrices are those for the case of rotating a point with respect to a fixed coordinate system.

The Permutation of Rotation Elements
Examining the components in Equation 4 and 5 , these rotation matrices are composed of six different numerical elements, i.e., cos w, sin w, cos 4, sin 4 , cos K , and sin K. If the
magnitude of each element remains unchanged, two choices
are available for the sign change, i.e., keep the sign or reverse the sign. Because there are six elements, 6 4 combinations can be constructed in total. For example, let cos w, sin
w , cos 4 , and sin 4 remain unchanged and the signs of cos K
and sin K be reversed. That is,

While the pattern of sign change is independent of the manner in which the rotation matrix is formulated, the values of
the physical rotation elements are dependent on the rotation
matrix formulation. This is observed in a comparison of Tables 1 and 2.
Notably, not all of these 6 4 combinations will generate
rotation matrices with unchanged magnitude for every r,.
Only 32 combinations actually satisfy this requirement.
These 32 combinations subsequently result in 1 6 different
sign patterns of the rotation matrix. All these 16 patterns and
their corresponding combinations are summarized in Tables
1 and 2.

Rotation Elements and Principal Distance
Examining Equation 1 and 2 , the negative sign before the
principal distance c can be distributed and Equation 2 can
be re-written into Equation 6: i.e.,

cos w sin w
the sign change pattern of

and the composed rotation matrix will have exactly the same
magnitude for each r,. However, the pattern of signs has

This implies that the sign change of the principal distance
can be absorbed by a corresponding pattern of sign changes
for the elements of the rotation matrix r,. The pattern of sign
changes in this particular case is
October 1996 PE&RS

PATTERNS
OF ROTATION
MATRICES
AND COSINE/
TABLE1. THESIGN CHANGE
SINEVALUESOF ROTATION
ELEMENTS
(R,+,)
Rotation M a t r i x

Combination 1

TABLE1. CONTINUED
Rotation M a t r i x

Combination 1

Combination 2

Combination 2

From Table 1,this is No. 1 2 in the list.
This phenomenon arises in the coplanarity equation as
well. Expressing the elements composing the determinant
value for the coplanarity equation, these six elements are

The sign change of the principal distances can then be compensated for with a corresponding sign change of r,,, r,,, r,,,
r,,, r,,, together with a reversed sign of B,. The pattern of
sign change can be represented as

Checking through Table 1, this pattern does not exist. However, pattern No. 11 provides this pattern with a reversed
sign for all r,: i.e.,

The effect of this reversed sign is that the sign of all residuals computed from the coplanarity equations will be reversed. This situation still satisfies the coplanarity condition.

A Numerical Experiment with the Coplanarity Equation
The relationship between the sign of the principal distance
and the elements of the rotation matrix is relatively straightforward. On the other hand, the situation with the coplanarity equation is more complicated. This complexity is caused
because the sign of base components also influences the
principal distance. A numerical experiment is then conducted. The image coordinates and principal distances are
listed in Table 3. Using the same image coordinates, the sign
of the principal distance is changed. The signs of rotations
and base components computed from the coplanarity equation are listed in the Table 4.

Concluding Remarks
For both the collinearity and the coplanarity conditions, the
negative and diapositive formulations can be derived from
PE&RS
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TABLE2.

THE SIGNCHANGEPATTERNS
OF ROTATION
MATRICES
AND COSINE/
ELEMENTS(R+)
SINEVALUESOF ROTATION

Sign Pattern

Combination 1

TABLE2 .

Sign Pattern

CONTINUED

Combination 1

Combination 2

Combination 2
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TABLE3. THE IMAGECOORDINATES
OF A STEREO-PAIR.
PRINCIPAL
DISTANCEOF
IMAGE1r55.264 MM. PRINCIPAL
DISTANCE
OF IMAGE2:53.678 MM.

Point

XI

YI

XZ

TABLE4. THE ELEMENTS
OF RELATIVE
OR~ENTAT~ON
COMPUTED
FROM
COPLANARITY
EQUATION

o

4
K
By

Bz
u

Positive P.D.

Negative P.D.

0.36932
0.60849
-0.71705
-0.50300
-0.37491
0.61669

-0.36932
-0.60849
-0.71705
-0.50300
0.37491
0.61669

0.61845 0.53921
-0.45732
0.83852
-0.63903 -0.07824

Yz

THE

0.61845 0.53921 -0.57162

each other. The sign change of the principal distances can be
compensated for with a different rotation matrix. In this case,
the magnitudes of the elements of the rotation matrix remain
the same; however, the signs change according to a specific
pattern. In the coplanarity condition, the base components
are also involved.
Although in both the collinearity and the coplanarity
equations the reversed sign of the principal distances can be
compensated for, the physical meanings are different. In the
collinearity equation case, the geometry of the intersecting
bundles does not change. In the coplanarity case, a mirror
image of the object will be formed. This can be verified from
Equation 8, i.e., an intersection equation. While the X, Y coordinates remain, the sign of Z is reversed: i.e.,

These findings show why both positive and negative
principal distances are acceptable in the same aerotriangulation package for the same image observations. Although the
analytical nature remains to be studied further, this dual acceptability is often revealed when an aerotriangulation packOctober 1996 PEBRS

age with an automated initial value generation scheme is
used, e.g., UNBASCZ (Moniwa, 1977). The confusing signs of
the principal distances are experienced more often in closerange applications than in aerial projects, due to the irregularity of exterior orientation configurations frequently
encountered in close-range projects.

Acknowledgment
The author wishes to express his sincere thanks to the anonymous reviewers, whose constructive suggestions have
greatly enhanced this article.

References
Kraus, K., 1993. Photogrammetry, 4th Ed., Fred. Duemmlers Verlag,
Bonn, Germany.

Masry, S.E., 1977. Basics of Instrumental and Analytical Photogrammetry, Lecture Notes 33, Department of Surveying Engineering,
University of New Brunswick, Fredericton, N.B., Canada.
Moniwa, H., 1977. Analytical Photogrammetric System with Self-Calibration and Its Applications, PhD thesis, Department of Surveying Engineering, University of New Brunswick, Fredericton,
N.B., Canada.
Schut, G.H., 1959. Construction of Orthogonal Matrices and their
Application in Analytical Photogrammetry, Photogrammetria,
15(4):149-162.
Shih, T.Y., 1990. The Duality and Critical Condition in the Formulation and Decomposition of a Rotation Matrix, Photogrammetric
Engineering & Remote Sensing, 56(8):1173-1179.
Thompson, E.H., 1969. Introduction to the Algebra of Matrices with
Some Applications, The University of Toronto Press.
(Received 15 August 1994; accepted 4 May 1995; revised 20 October
1995)

.

C'

II

~3
ign up now to sponsor a cover of
PEGRS. Provide an image for the cover
and a description to be prominently displayed on the Table of contents. All
covers will appear on the ASPRS website for 1 year with their corresponding
issue's table of contents

'i

1 vailable covers will be assigned
7 on a first-come, first-served basisthey're going quickly, so don't delay.

rn

heck the list of scheduled issue
II
themes below and match your company's
imagery to the theme that suits you best.

urrentlv, the cost to reserve a cover
is $2,000. The rate will increase to $2,500
on January 1, 1997.
I

II

Reserve a 1997cover
in 1996, and
receive the $2,000 rate.

Scheduled themes:
Dec. 1996: Earth Sciences (geology,glaciers, volcanoes)
XjLL) Jan. 1997: Land Use and Vegetation Classification
Feb. 1997: Remote Sensing and G I s
For availability G reservation
SOLL) Mar. 1997: Wetlandswater Quality
requirements, contact:
Apr. 1997: Accuracy/Quality Assessments &
Kimberly Tilley, Executive Editor-PEGRS
ASPRS/ACSM/RTI Convention issue
54 10 Crosvenor Lane, Suite 2 10
May 1997: Classification/Automation in Remote Sensing &
Bethesda, M D 208 14-2 160
ASPRS Directory of the Mapping Sciences issue
301-493-0290, ext. 27
;(Jl, li June 1997: Remote Sensing Applications
fax:
301-493-0208
kimt@asprs.org
July 1997: Landsat 25thAnniversary issue C ASPRS Yearbook
Xl,i)Aug. 1997: Softcopy Photogrammetry
Sept. 1997: Machine Vision and Close-Range Photogrammetry
LIOLII Oct. 1997: Data Preservation and Archiving & GIS/LIS Convention issue
Nov. 1997: Biodiversity Models, Biostereometrics,Complex Emergent
Dec. 1997: Mapping and Monitoring Cold Places (high latitude/high longitude)
PE&RS October 1996

II
II
II
II
II
II

rn

II
II

rn

II

